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Preface 


The shortest path between two truths in the real domain passes through 
the complex domain. — J. Hadamard 


This book is the outcome of lectures that I gave to prospective high- 
school teachers at the University of New Mexico during the Spring 
semester of 1991. I believe that while the axiomatic approach is very 
important, too much emphasis on it in a beginning course in geometry 
turns off students’ interest in this subject, and the chance for them to ap- 
preciate the beauty and excitement of geometry may be forever lost. In 
our high schools the complex numbers are introduced in order to solve 
quadratic equations, and then no more is said about them. Students 
are left with the impression that complex numbers are artificial and not 
really useful and that they were invented for the sole purpose of being 
able to claim that we can solve every quadratic equation. In reality, the 
study of complex numbers is an ideal subject for prospective high-school 
teachers or students to pursue in depth. The study of complex numbers 
gives students a chance to review number systems, vectors, trigonome- 
try, geometry, and many other topics that are discussed in high school, 
not to mention an introduction to a unified view of elementary functions 
that one encounters in calculus. 

Unfortunately, complex numbers and geometry are almost totally 
neglected in our high-school mathematics curriculum. The purpose 
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of the book is to demonstrate that these two subjects can be blended 
together beautifully, resulting in easy proofs and natural generalizations 
of many theorems in plane geometry—such as the Napoleon theorem, 
the Simson theorem, and the Morley theorem. In fact, one of my 
students told me that she can not imagine that anyone who fails to 
become excited about the material in this book could ever become 
interested in mathematics. 

The book is self-contained—no background in complex numbers is 
assumed—and can be covered at a leisurely pace in a one-semester 
course. Chapters 2 and 3 can be read independently. There are over 
100 exercises, ranging from muscle exercises to brain exercises and 
readers are strongly urged to try at least half of these exercises. All 
the elementary geometry one needs to read this book can be found 
in Appendix A. The most sophisticated tools used in the book are the 
addition formulas for the sine and cosine functions and determinants 
of order 3. On several occasions matrices are mentioned, but these 
are supplementary in nature and those readers who are unfamiliar with 
matrices may safely skip these paragraphs. It is my belief that the book 
can be used profitably by high-school students as enrichment reading. 

It is my pleasure to express heartfelt appreciation to my colleagues 
and friends, Professors Jeff Davis, Bernard Epstein, Reuben Hersh, 
Frank Kelly, and Ms. Moira Robertson, all of whom helped me with my 
awkward English on numerous occasions. (English is not my mother 
tongue.) Also, I want to express gratitude to my three sons, Shin- Yi, 
Shin-Jen and Shin-Hong, who read the entire manuscript in spite of 
their own very heavy schedules, corrected my English grammar, and 
made comments from quite different perspectives, which resulted in 
considerable improvement. Furthermore, I want to thank Ms. Linda 
Cicarella and Ms. Gloria Lopez, who helped me with I4TpX, which is 
used to type the manuscript. Linda also prepared the index of the book. 
Last but not least, I am deeply grateful to Professor Roger Horn, the 
chair of the Spectrum Editorial Board, for his patience in correcting my 
English, and for his very efficient handling of my manuscript. 


L.-s. H. 
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CHAPTER | 
Complex Numbers 


Ll Introduction to Imaginary Numbers 


One of the most important properties of the real numbers is that the 
operations of addition, subtraction, multiplication and division can be 
carried out freely (with the exception of division by 0). Because of this, 
an arbitrary linear equation 


ax +b=0 (a # 0) 


can be solved within the realm of real numbers as x = —b/a. However, 
the situation is quite different for quadratic equations. For example, a 
quadratic equation 


cannot be solved for x within the realm of real numbers. The square of 
any real number cannot be negative, so 


a*+1>1>0 forany real number z. 


Therefore, x” +1 = Ois impossible for any real number z. Ina situation 
like this, we extend the realm of the number system so that the equation 
becomes solvable. For instance, for a kindergarten child who knows 
only positive integers, an equation such as 
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7+| | =3 


is unreasonable, and for persons who know only integers, 5x2 = 2 
and x* = 17 have no solution. But by extending our number system 
to include negative numbers, fractions, and irrational numbers, these 
equations have solutions —4, 2/5, +17, respectively. 

The situation is pretty much the same for z* + 1 = 0. We extend 
our number system to include numbers such as /—1; i.e., a number 
whose square is —1. Such numbers are not quite in agreement with our 
intuition, and many mathematicians in the past objected to introducing 
such monsters, so they are called zmaginary numbers. It was not until 
the 18th century, with skillful manipulations of imaginary numbers, 
that L. Euler (1707-1783) obtained numerous interesting results. By 
representing the imaginary numbers as points in a plane, C. F Gauss 
(1777-1855) renamed them as complex numbers, and applied them to 
obtain many remarkable results in number theory, thus establishing the 
citizenship of complex numbers in the number system. About the same 
time, in trying to find a uniform way of computing definite integrals, 
A. L. Cauchy (1789-1857) investigated the differential and integral 
calculus of functions with complex numbers as variables. This is the 
genesis of the theory of functions that cultivated the environment for 
N. H. Abel (1802-1829) and C. G. J. Jacobi (1804-1851) to discover the 
elliptic functions. Furthermore, the development of projective geome- 
try shows that the complex numbers are indispensable in geometry as 
well. As research progresses, it is now clear that to truly understand 
mathematics, even merely calculus, the realm of the real numbers is 
unnaturally narrow, and it is imperative that we work with complex 
numbers to attain uniformity and harmonicity. 

It is customary to use the first letter 7 of the word ‘imaginary’ for /—1. 
Thus complex numbers are numbers of the form a + 7b, where a and b 
are real numbers, and computations with them are carried out just as 
with real numbers if we remember to replace i? by —1. For example, 


(a + ib) +(c + id) = (atc) +iz(b+d), 
(a + ib) - (c + id) = ac + ibe + iad + ibd 


= (ac — bd) + i(bc + ad). 
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The division of two complex numbers, (a + 7b)/(c + 7d), involves finding 
a complex number zx + zy satisfying 


a+1b = (ct+1d)-(x + ty). 
Hence, by the above computation, we get 
a + ib = (cx — dy) + 1(dzx + cy); 
and so it is sufficient to find x and y satisfying 
cx — dy =a, dx + cy = b. 
This system of simultaneous equations has a unique solution 


ea ett _ be—ad 
Cae 8 Bae 


unless c = d = 0. Hence 


at+ib _ act bd | .bc— ad 
ctid e@+@ 2+a’ 


Of course, this can be obtained by multiplying both the numerator and 
the denominator by c — zd. 

But why are such operations justified? Isn’t the addition of a real 
number a and an imaginary number 7b to get a+72b similar to the addition 
of 17m? and 4kg to get 21°C? Also, x* + 1 = 0 has two solutions, and 
which one of them is i? Note that 27 — 1 = 0 also has two solutions, 
the positive one is 1 and the other —1. But is it meaningful to say 7 is 
positive? 


le Definition of Complex Numbers 


To answer the criticism at the end of the last section, we now give 
a formal definition of complex numbers. But first let us recall the 
properties of the real number system R. 


4 COMPLEX NUMBERS AND GEOMETRY 


(1) Properties concerning addition. 


Two arbitrary real numbers a and b uniquely determine a third num- 
ber called their sum, denoted by a + b, with the following properties: 


A;. Commutative law: a + b = b+ a forall a,bE R. 
Az. Associative law: (a + b) +c =a+(b+c) forall a,b,cE R. 


A3. Additive identity: There is a unique real number, denoted 0, such 
that 


a+Q=0+a=a forallacR. 
Ay. Additive inverse: For every a € R, there is a unique z € R satisfying 
atzxr=xt+a=0. 


This unique solution will be denoted by —a. 


(II) Properties concerning multiplication. 


Two arbitrary real numbers a and b uniquely determine a third num- 
ber called their product, denoted by ab, with the following properties: 


M,. Commutative law: ab = ba for all a,b € R. 
Mp. Associative law: (ab)c = a(bc) for all a,b,c € R. 


M3. Multiplicative identity: There is a unique real number, denoted 1, 
such that 


a-l=1-a=a forall acR. 


M,. Multiplicative inverse: For every a € R, a # 0, there is a unique 
number z € R satisfying 


ar =276-= |; 


This unique solution will be denoted by 2 or a~!. 
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(III) Distributive law. 
a(b+c)=ab+ac forall a,b,cE R. 


Any set that satisfies these properties is called a field. Thus the set R 
of all real numbers is a field. Similarly, the set Q of all rational numbers 
forms a field. However, neither the set Z of all integers, nor the set N 
of all natural numbers is a field. 

In the previous section, we said complex numbers are numbers of the 
form a + 1b, where a and bare real numbers. Thus complex numbers are 
essentially a pair of real numbers a and b. Therefore, we give a formal 
definition as follows. 


DEFINITION 1.2.1. A complex number is an ordered pair (a, b) of real num- 
bers with the following properties: Two complex numbers (a, b) and (c, d) 
are equal if and only if a = cand b = d. The sum and product of two 
complex numbers (a, b) and (c, d) are defined by 


(a,b) + (c,d) = (a+ c, 6+), 
(a, b) - (c,d) = (ac — bd, bc + ad). 


Note that our definition of equality for complex numbers has the 
following properties: 


(a) Reflexive: (a,b) = (a,b) for every complex number (a, b); 

(b) Symmetric: (a,b) = (c,d) <=> (c, d) = (a, b); 

(c) Transitive: (a,b) = (c,d), (c,d) = (e, f) => (a,b) = (e, f). 
THEOREM 1.2.2. With addition and multiplication defined as above, the set 
C of all complex numbers is a field. 


Proof. A muscle exercise. O 


Now, if we consider complex numbers of the form (a, 0), then 


(a,0) + (6,0) = (a +b, 0); 
(a, 0) - (b,0) = (ab, 0); 
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(a,0) _ (> 0) (provided b # 0), 


which is identical to the operations between two real numbers a and 
b. In other words, there will be no confusion if we regard a complex 
number of the form (a, 0) as a real number a. Consequently, we shall 
consider real numbers to be particular complex numbers whose second 
component Is zero. 

Next, consider the complex number (0, 1). We have 


(0,1)? = (0,1) - (0,1) = (-1,0) = —1. 


Namely, the complex number (0, 1) corresponds to /—1 in the previous 
section. Naturally, the square of (0, —1) is also —1, but if we denote 
(0,1) = 2, then an arbitrary complex number (a, b) can be rewritten as 


(a, b) = (a, 0) + (0, b) = (a, 0) + (0, 1) - (0, 0), 


which justifies the expression a + 1b. 

The complex number 7 1s called the imaginary unit. For a complex 
number a = (a,b) = a+ 1b(a,6 € R), a is called the real part of 
the complex number a and is denoted by a; similarly, b is called the 
imaginary part of a, and is denoted by Sa. Thus real numbers are 
complex numbers whose imaginary parts are 0. On the other hand, 
complex numbers whose real parts are 0 are called purely imaginary. 
Note carefully, both the real part and the imaginary part of a complex 
number are real numbers! 

For a complex number a = (a,b) = a + 1b, the number (a, —b) = 
a — ib is called the complex conjugate or the conjugate complex number 
of a, and is denoted by @. The following relations are easy to verify: 
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For any complex number a = a + ib(a,b € R), the product 
aa =a’ +b? 


is always real and nonnegative. Its nonnegative square root is called the 
modulus or the absolute value of the complex number a, and is denoted 


by |a|. Thus 
la} = Va? + Bb? = (aa)? 


THEOREM 1.2.3. |a| = Oifand only if a = 0. 


Proof. Let a = a + ib(a,b € R). Then |a|? = a? + b*. Therefore, 
la] =O a7 + =0. 


But a? > 0, b* > 0 for any real numbers a and b, hence 


a +b? =0< a = 0, be = 0 
<a = 0, b=0 
<> a = 0 


O 


Note that we have used the fact that a and b are real numbers, 
otherwise a? + b* = 0 would not imply a = b = 0. For example, 
leta = 1,b =i, then a? + b* = 0, but neither a = Onorb = 0. 

It is simple to verify that 


|Ra| < Jal, |Sa| < Jal, |a| = |al; 
|aZ| = |a|-|G| (in particular, | — al = ja); 


04 


6 


= a (provided G # 0). 
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THEOREM 1.2.4. For any complex numbers a and {3, 
aB=0<>a=0 or B=0. 


Equivalently, 
abBx#0<—aF#D0 and BFO0. 


Proof. By the previous theorem, 
af = 0 <> |afZ| = 0 
<= |a|- |B| = 0. 
Since |a| and |G| are real numbers, 
la|- [6] =O > lal =0 or |A|=0 
<=-a=0 or G=0. 


O 
Remark. Ina set where multiplication is defined, if a@ = 0 even 
though a # 0, 6 # 0, then a and @ are called zero divisors. The previous 
theorem asserts that the complex field C does not have a zero divisor. 


There are algebraic systems that have zero divisors. For example, 
consider the set of all 2 x 2 matrices: 


(3 ar a,bed eR}. 
c a 


Its addition and multiplication are defined as 
a b n a’ bY \ fata b+B \. 
c d cd} \ected d+d )’ 


ab\ (@ BW) _ f/f aa't+be ab! + bd’ 
c d cd! ca'+dc' cb’ +dd' }- 
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The zero element is 


Then, even though 


01 34 
+ ,) #0 and € 5) Fo 


a oe ee ae 0 
0 2 00) ~ 
Note that in the proof of the theorem, we have used the fact that the 
real field R has no zero divisor. 


we have 


13 Quadratic Equations 


As we saw in §1.2, the complex number z = (0, 1) satisfies the equation 
z? + 1 = 0. But how about other quadratic equations? Do they have 
solutions in C? Or, do we have to keep on adding new members to our 
number system? Consider the following. 


EXAMPLE. Let us find the roots of 
1 , 
he +(1+i2)r-21=0. 
Solution. By completing the square, we get 
{c+ (1 +i}? =21+ (1+ i) = 44. 
-ot+(1 ti) = +2vi. 
x= —(1+i)+2vi. 


But what is the square root of the imaginary unit 7? It must be a number 
whose square Is 7. So set 


utiv = vi (u,v € R). 
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Then, squaring both sides, we get 


(u? — v’) + 2uvi = i. 


NO | 


From the first equation, we get u = +v. Suppose u = v, then from the 
second equation, we get 


V2 
= = 
Uu=v = 
and so 
2 
Vizutiv= +249) 
The case u = —v would not happen since it would imply u? = —3, but 


this is impossible for u real. It follows that 
= —(1+1)+ V2(1 +7) = (-14 V2)(1 + 3). 
So, it was not necessary to extend our complex number system in 
order to solve this quadratic equation. (The reader should verify that 


the results obtained actually satisfy the quadratic equation.) 
Let us now consider a general quadratic equation 


az? + br +c=0 (a # 0). 


1 Neglecting the condition that u is real, if we proceed to solve u? = — 5s we get 
v2. v2. 
uU= =o v= a aa 


Hence, 


v2 v2 


pi 
Viz=utiv= 4 i(1-i) = + (+9, 


so we obtain the same result as before. 
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Since we have extended our number system to complex numbers, we 
should discuss the case a,b,c € C. Since complex numbers obey the 
same rules as real numbers as far as addition, subtraction, multiplication 
and division are concerned, by dividing both sides of the above equation 
by a and completing the square as in the case of real coefficients, we get 


aud >  - 4ac 
2a) — 4a 


Setting 


our problem becomes whether z* = ¢ can be solved for an arbitrary 
complex number ¢. Let 


z=urtiv, C=artif. 


Our problem can be restated as: Can we always find a pair of real 
numbers wu and v such that 


(u + iv) =a+t+ifZ 
for an arbitrary pair of real numbers a and (3? Rewriting the last 
equality, we get 
(u? — v’) + 2iuv =art ifs. 
Hence our problem reduces to solving the system of simultaneous equa- 
tions 


u’ —v? =a, 2uv = £. 


Since 
(u? + v2)? = (u? = v2)’ + (2uv)’ =a’ + 3, 


and u? + v2 >0,a7 + 8? >0 (-. u,v, a, 8 € R), we get 


uw tu = Va? + 62. 


le COMPLEX NUMBERS AND GEOMETRY 


It foilows that 


1/2 


’ 


2 


vaee(2 SE), yn a (EER) 


where the signs must be chosen to satisfy 2uv = G. That is, the square 
root /C = u + iv is given by 


1/2 1/2 
(=) +i (=) ) for > 0; 


2 


1/2 1/2 
Ven} 2 (— (232) 4 (292), or seo 


+/a, for B=0,a>0; 
tif/-—a, for B=0,a< 0. 


We have shown that every (nonzero) complex number has two square 
roots. 


Remark. For € € R, the notation /€ was used for the nonnegative 
square root when € > 0, and VE = iW/—E (= iv/|é|) when € < 0. 
However, in the sequel, for a nonreal complex number €, the notation 
VE shall simply mean a square root of € and shall not stand for one 
particular square root. 

By our above convention, when € and 77 are negative real numbers, 


the equality 
VE Vn = VE-n 
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is no longer valid. It is valid if we interpret both sides as sets of complex 
numbers. 
We have established the following 


THEOREM 1.3.1. A quadratic equation 
ax? +br+c=0, a,bhoEC, a #0), 


has two roots in C, which are given by 


—b+ Vb? — 4ac 
2a 


14 Significance of the Complex Numbers 


In the previous section, we have seen that every quadratic equation has 
solutions in the complex field C. But how about cubic equations, quartic 
equations, etc.? Do we have to expand our number system each time we 
deal with higher degree equations? One of the beauties of the complex 
number system is the validity of the following 


THEOREM 1.4.1 (Fundamental Theorem of Algebra). 4 polynomial equa- 
tion 
agx” + a,x"! +---+an_12 +a, = 0, 


where a, € C (k = 0,1,2,...,n), a9 # 0, n > 1, has a solution in C. In 
other words, 
C is algebraically closed. 


The above equation is called a polynomial equation of degree n 
(when ag # 0). From the fundamental theorem of algebra, we have 
the following 


Coro.ary 1.4.2. A polynomial equation of degree n has exactly n roots 
in C taking the multiplicities into account. 


ExampLe. Solve the cubic equation z? + i = 0. 


Solution. Let z= u-+iv (u,v € R). Then, since 


(ut ivy = uw + 3iu?v — 3uv* — iv’, 
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we obtain 
u> — 3uv? = 0; 
3u2v —v? +1=0. 


From the first of these equations, we get 
u(u? — 3v*) = 0. 


Hence 


When u = 0, from the second equation, we get 
v—-1=0, (v—-1)\(v%?+v41) =0. 


Since v € R,v?+u+1 4 0,andsov = 1,.. z = i. Whenu? —3v* = 0, 
u = +/3v. Substituting this into the second equation, we get 


2 
3 (+v30) v—-v+1=0, ie, 8° +1=0. 


“, (2u + 1)(4v? — 20 +1) = 0. 
Since v € R, 4v? — 2v + 1 # 0, and so v = —4. Hence 


v3 7a tv3-i 
2° 7 i: -3 


Therefore, we get 3 solutions 


+V/3-i 
2, a 


C. F Gauss (1777-1855) gave several proofs of the fundamental 
theorem of algebra in his dissertation. Readers who are interested in 
its proof may consult standard textbooks in complex analysis such as J. 
Bak and D. J. Newman’s Complex Analysis [Springer-Verlag, New York, 
1982], or R. P. Boas’s Invitation to Complex Analysis [Random House, 
New York, 1987]. Note that the fundamental theorem of algebra asserts 
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the existence of solutions in C, but does not tell us how to find them. In 


fact, there is no algebraic formula that works for every quintic polynomial 
(or higher). 


IS Order Relation in the Complex Field 


We can always compare the magnitudes of any two real numbers. That 
is, given a,b € R, either a > b, ora = b, or b > a. Can this result 
be extended to complex numbers? To answer such a question, we first 
reexamine the order relation in R. 


P,. (Trichotomy) For any a € R, one and only one of the following 
three relations holds: 


a > 0, a = 0, —a> 0. 
For a,b € R, if we define 
a>b ifandonlyif a—b>Q0, 


then P, is equivalent to the assertion that for any a, b € R, one and 
only one of the following three relations holds: 


a> 6, a=), b> a. 
Furthermore, the order relation in R satisfies the following: 


P,. a>0,b>0=at+d>Q0. 


P;. a>0,b>0=—ab>0. 
It turns out that all the properties of the order relation in R, such as 


a>b,b>c=a>cG 
a>b,c>0= ac > be; 


a>b,c<0= ac < be 


IS COMPLEX NUMBERS AND GEOMETRY 


follow from the positivity postulates P,, P2, and P;. In other words, an 
order relation is useful only if all three postulates P,, P), P; are satisfied. 


THEOREM 1.5.1. Jt is possible to extend the order relation in R to C such 
that P; and Py, are satisfied, but it is impossible to satisfy P3. 


Proof. For a = a + ib (a,b € R), define 


P,. For any a = a + ib(a,b € R), one of the following must hold: 
a> 0, a = 0, —a> 0. 


(a) Ifea>O=— a> 0. 
(b) If-a>0=> -a>0. 


b>0=— a>; 
(c) Ifa=0, 4 b=0=a=0; 
—b>0=> -a> 0. 


We have shown that one and only one of 


holds for an arbitrary a € C. 
P,. Suppose a > 0, a’ > 0, where 


a=atib, a’ = a’ + ib! (a, b,a’,b’ € R). 


Then 
a>0QO or {a=0 and b> 0}, 


a’ >0O or {a =0 and BW’ > 0}. 
We must check all combinations of these cases: 


(a)a>0,a7 >0=—at+a>0=>ata'>0. 
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(b) a>0, {a’ = Oandl’ > 0} = ata’ >0=— ata’ >0. 
(c) a’ > 0, {a =Oandb>0} = ata’ >0=—ata’ >0. 
(d) Finally, {a = 0 and b > 0} and {a’ = 0 and 0’ > 0}, then 


at+a’ =OQandbd+0' >0,andsoa+a’ > 0. 


P;. Suppose the order relation in R can be extended to C preserving 
the postulate P;. Then since z # 0, by P,, we must have either 7 > 0 or 
—i > 0. Ifi > 0, by Ps, we get 7-2 > 0, but this means —1 > 0, which Is 
absurd. Similarly, if —i > 0, again by P;, we get (—7) - (—7) > 0, which 
implies again the absurd result —1 > 0. O 


Remark. Actually, there are infinitely many ways to define order rela- 
tions in C satisfying P; and P,. Here we have chosen a lexicographic 
one. As a consequence, we should not use inequalities such as < or > for 
nonreal (complex) numbers. 


6 The Triangle Inequality 


In §1.2, we defined the absolute value of a complex number a = a + ib 
(a,b € R) to be 


|a| = Vaa = (a? 2 py’? , 


and mentioned some simple properties of the absolute value. We now 
prove the important triangle inequality. 


THEOREM 1.6.1 (The Triangle Inequality). For any z,,z2 € CG 


lz] — l22l] < lea + 22] < [ai] + [zal 


Proof. 


[21 + zo? = (Zz + z2)(Z1 + Z2) 
= 21.24 (2122 + 2122) + 2222 
= |z,|? + 2R(z122) + |z2|? 


< |x|? + 2)z1Z2| + |z2|? (¢. Ra < |a| for all a € C) 
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= Jail + 2|zi[ 2a] + lzal? (221 = lzal) 
2 
= (Jai] + [z2|)". 
Since both |z, + z2| and |z;| + |z2| are nonnegative, we obtain 
|z1 + z2| < |za| + [za]. 
To prove the other inequality, note that z; = (2; + 22) + (—22). 
o. [zy] = |\(21 + 22) + (—22)} < Jz, + 22| + | - 2] 
= |z4 z2| + |z2|. 


It follows that 
|z1| — |z2| < Jer + 29]. 


Interchanging the roles of z; and z2, we get 


|z2| — |z,| < |Z + Z|. 


- || 21 | — |z2|| < |z + 22]. 


O 


We now discuss the situation where the triangle inequality becomes 
an equality. This is trivially the case if z; = 0 or z2 = 0. Hence, we 
consider the case z; - 22 # 0. Looking back at the proof, we see that it 
becomes an equality if and only if 


R( 2122) = [2122]. 


But a complex number a satisfies Ra = |a| if and only if a is a nonneg- 
ative real number. Hence the above inequality becomes an equality if 
and only if 

z122 > 0. 


Since we are assuming z, # 0, dividing both sides by |z2|? (= 2222 > 0), 


we obtain that 2 + 0. 
22 
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Summing up, |z; + z2| = |z1| + |z2| if and only if 
—>Q0 unless z; = 0 or z2 =0; 


in other words, one of z; and z2 has the property that the other is its 
positive multiple. We shall give another proof of this fact at the end 
of §1.8 Polar Representation of Complex Numbers. The reason for the 
name ‘triangle inequality’ will become clear in the next section. 


[7 The Complex Plane 


We have defined a complex number to be an ordered pair of real num- 
bers, but the set of all ordered pairs of real numbers has a one-to-one 
correspondence with the (z, y)-plane R?. So it is natural to let a complex 
number z = x + iy correspond to the point (z, y) in the plane R?. 


FIGURE I 


In the above correspondence, a real number x = x + 10 corresponds 
to the point (z,0) on the z-axis, and a purely imaginary number zy = 
0 + zy corresponds to the point (0, y) on the y-axis, so we call the z-axis 
the real axis, and the y-axis the imaginary axis. A plane equipped with 
the real and imaginary axes is called the complex plane or the Gaussian 
plane. 
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Let us consider a sum of complex numbers in the complex plane C. 
Suppose 


z=rr+iy, w=utiv (xz, y,u,v € R), 


then 
ztw=(rtu)ti(ytv). 


This suggests that it is best to consider complex numbers as vectors; 1.e., 
we regard a complex number z = x +7y asa vector whose initial point is 
the origin and whose terminal point is the complex number z = x + iy. 
In other words, we consider a complex number z = z + ty to be a 
vector whose orthogonal projections to the coordinate axes are x and y. 
Naturally, similar considerations apply to the complex number w. Then 
the sum z + w corresponds to the diagonal vector (from the origin) of 
the parallelogram formed by two vectors z and w. Equivalently, draw 
the vector z with the initial point at the origin, and then draw the vector 
w with the initial point at the terminal point of z, then the vector with 
the initial point at the origin and the terminal point of w as its terminal 
point represents the vector z + w. (See Figure 1.2.) 

From now on we shall identify a complex number with a point or 
a vector in the complex plane, whichever is most convenient for the 
particular situation. 

We now consider the real multiple of a complex number. For z = 
x +izyandc € R, we have cz = cx + icy. Thus, in the complex plane, 


FIGURE Ie 
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if c > 0, simply multiply the length of the vector by c (keeping the same 
direction), while if c < 0, multiply the length of the vector by |c| and 
change to the opposite direction. 


cz (c > 0) 


cz (c < 0) 


FIGURE 1|3 


In particular, since —w = (—1)w, we obtain 
z—-w=2z+(-w); 


i.e., reverse the direction of the vector w to obtain —w, and draw the 
vector —w with the initial point at the terminal point of z, then the 
vector with the initial point at that of z and the terminal point at that 
of —w represents the vector z — w. Equivalently, z — w is given by the 
vector with the initial point at the terminal point of w and the terminal 
point at that of z (provided that z and w have the same initial point). 


Note that z + w and z — w are two diagonals of a parallelogram with 0z 
and Ow as two neighboring sides. 


EXAMPLE. Let z, and 22 be two points in the complex plane. Then the 
midpoint of the line segment joining z; and zz is 


1 ] 
Aa 5 (22 —2)= 5 (41 + 22). 


Example. In an arbitrary AABC, let D and E be the midpoints of the 
sides AB and AC, respectively. Then DE is parallel to the side BC, 
and its length is half that of BC. 
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Z,+ Zz, )/2 D 


B C 


FIGURE 1.4 


Solution. Let A ABC be in the complex plane, and 2), 22, z3 are the 
complex numbers representing the vertices A, B, C’, respectively. Then 
the midpoints D and E of the sides AB and AC are given by 


1 1 
5 (21 + 22) and 5 (21 + 23), 
. = ° e 
respectively. Hence the vector DE is given by 
1 1 1 
5 (41 + 23) — 5 (21 + 22) = 5 (23 — 22). 


But z3 — 22 is precisely the vector BC, hence the desired result. 


ExampLe. The point z that divides the segment joining the points z, 
and zz into the ratio m : n internally is given by 


NZ, + M22 


? 


n+m 
where m and n are positive real numbers. For, it is easy to see that 


22 AEH Z 
m nn? 
which gives the desired relation. 
Equivalently, suppose z is an arbitrary point on the line segment 
joining the points z, and z2, then 


z—-z) =t(a%2—-z) forsometeR (0<t< 1); 
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= (1 -t)z, + tz, 


Z; 


FIGURE 15 


. 2=(1-t)z + tz (O<t< 1). 


Conversely, suppose this relation holds. Then since our argument is 
reversible, we can conclude that z must be a point in the line segment 
joining 2, and zp. 

EXAMPLE. Let 2}, 22, 23 be three arbitrary points in the complex plane. 
Then the midpoint of the line segment joining zz and z3 is (z2 + 23)/2, 
and so the parametric equation of the median through the vertex z; of 
LA\21 2223 IS 


+ 
z=(1-t)y +t 25 


(O<t< 1). 


Hence the point that divides this median into 2 : 1 internally, is obtained 
by substituting t = 4 into the above expression; i.e., 


1 
= 3 (41 + z2 + 23). 


But this expression is symmetric with respect to z1, z2, z3, and hence this 
point also divides the medians from z2 and from 2z3 into 2: 1 internally. 
Therefore, three medians of an arbitrary triangle intersect at a point. 
We call this point the centroid or the center of gravity of Az,z223. 
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FIGURE I.6 


For z = x + iy (x,y € R), we defined the absolute value of z to be 


jz] = (22)'" = Vx? + 9? 


i.e., |z| is the length of the vector z. In other words, |z| is the distance 
from the point z to the origin, which is in agreement with the case when 
z is real. 

Note that |z,|, |z2|, |21 + 22| are the lengths of three sides of a triangle, 
and hence the name triangle inequality (Theorem 1.6.1): 


|z1 + z2| < Jz1| + [z2|. 


It is geometrically obvious that the inequality becomes an equality only 
if the triangle degenerates to a line segment. We shall return to this 
point at the end of the next section. 


18 Polar Representation of Complex Numbers 


So far we have used only the vector aspect of complex numbers, hence 
we haven’t seen the real power of complex numbers. Multiplication is 
well defined for complex numbers while it is not defined for vectors— 
the dot product (inner product) of two vectors is a scalar, not a vector, 
while the cross product of two vectors in a plane is a vector that 1s no 
longer in the plane. (The cross product is useful only in 3-dimensional 
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space.) The essence of applications of complex numbers to plane geom- 
etry lies in the fact that the products of complex numbers are complex 
numbers. 

For multiplication of complex numbers, it is convenient to use the 
polar representation of complex numbers. For a point P = (z,y) 


e e = 
= x + ty) on a coordinate plane, consider the vector OP (where O 


is the origin). Let 6 be the angle between OP and the positive x-axis, 
and r = OP. Then xz = rcos@, y = rsin0. 

Naturally, 0 is determined up to mod 27; 1.e., 6 is determined uniquely 
if we neglect the difference of an integer multiple of 27. The angle 6 is 
called the argument of the complex number z. 

Throughout this book, unless stated explicitly to the contrary, equali- 
ties involving arguments will always be interpreted as congruence mod 27; 
i.e., we Shall neglect the difference of integer multiples of 27. 

We call (r, @) the polar coordinates of the point P. 


» 


P:z = r(cos® + isin®) 


r sin® 


rcos®8 


FIGURE I.7 


The origin is the unique point where r = 0; the argument 0 of the 
point at the origin is not defined. 
If z = x + iy (¥ 0), then we can write the polar representation of z: 


z = r(cos@é +isin8@). 


That is, r = |z| and 6 = arg z is the argument of z. 
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EXxAMPLe. For z € C, z # 0, 


zis real <> argz = na (n € Z); 


: : ‘ “us 
z is purely imaginary <=> argz = a) + nt (n € Z). 


FIGURE I.8 


EXAMPLE. 


| -— 1] = 1, are(—-1) = (2n+1)n (ne€Z); 


j¢| = 1, arg(z) = 5 +2nx (ne€Z); 
1 — i] = 4/12 +(-12 = V2, — arg(1—-1) = a +2nt (n€Z). 


EXAMPLE. Let w = tee) 


Then 
jw| = ei + (2) = 1, 


Complex Numbers 27 


Set 0 = argw, then 


1 3 
COSTS 5 sin @ = 3 
and so @ = = + 2nn (n € Z). Moreover, 
2 
jo] = 1, arg = _ + 2nn. 
Note that 
w =D, w +wt+1=0, w? = 1. 


The points w and w” together with 1 form three vertices of an equilateral 
triangle inscribed in the unit circle. 


FIGURE 1.9 


Polar representation is convenient for multiplication of complex num- 
bers due to the following. 
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THEOREM 1.8.1. Suppose 
z1 = 71(cos 4; + isin 4;), 22 = T2(cos 42 + isin 62), 


then 
2122 = 7172 {cos(9, + 2) + isin(6, + 62)}; 


1.e., 


|z122| = |z| - |z2], arg(z122) = arg z, + arg zp. 


In other words, the absolute value of the product is the product of the abso- 
lute values, and the argument of the product is the sum of the arguments. 


Proof. By the addition formulas, we have 
2122 = 7;(cos@; + isin 01) - 72(cos 62 + 72s1n 02) 
= r1T2{(cos 6; - cos 62 — sin 6; - sin 62) 
+i(sin 6, - cos 62 + cos 6; - sin 62)} 
= r1r2{cos(6; + 42) + isin(6; + 02)}. 
LO 
Remark. By restricting arg z to the interval [0,27) or (—7z, a], arg z 


will be uniquely determined for all z € C (except z = 0), but then the 
relation 


arg(z122) = arg z, + arg 22 


will not be valid, and arg z will not be a continuous function of z. 


CoROLLARY 1.8.2. 
[2122 +++ Zn] = [zi] - [za] --- Leal, 


arg(2122---2n) = arg z, + argz. +--- + argzn. 
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Coro.iary 1.8.3 (DeMoivre). For z = r(cos@ + isin@)andn € Z 


z” = r"(cosné + isin né), 


VIZ., 
jz"| = |z|",  — arg(z”) = narg(z). 


Proof. We prove only the case n = —1. 
(cos 6 + isin @)(cos@ — isin 8) = cos* 6 + sin? 6 = 1, 


dividing both sides by r(cos 6 + isin @), we get 


1 
r(cos6 +isin@) — 


~ (cos 0 — isin 8) 
1 oe 
= ~ {cos(—9) + isin(—6)}, 


since cos(—8) = cos9@, sin(—@) = — sin@. 


ier eel, arg (z~') = —arg(z). 


CorOLuary 1.8.4. 


| 


“1 
= —; arg — = arg z) — arg 2p. 
22 22 


provided z2 # 0. 


EXAMPLE. From the DeMoivre formula, we can derive formulas for the 
sine and cosine functions. Choose r = 1, then it becomes 


(cos#@ +isin@)” = cosné + isin nd. 
In particular, for n = 3, 


cos 36 + isin30 = (cos@ + isin6)° 
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= 3 2 2 . - 3 
= (cos 6 —3cosé@- sin 0) +74 (3 cos 6-siné@ - sin @) 


- cos36 = cos? 6 — 3cos@- sin? 6 = 4cos? 6 — 3cos8, 


sin30 = 3cos? @-sin@ — sin’ @ = 3sin6 — 4sin’ 6. 


Our theorem says that multiplying by z in the complex plane means 
magnifying (or contracting) a figure by the factor |z|, and rotating 
(counterclockwise) by the angle arg z. In particular, multiplying by z 
means rotating by > (counterclockwise). 

With this preparation, given points z; and zz on the complex plane, 
we can construct the product z3 = 2,22 geometrically. All we need 
is an observation that AQ1z,; and A0Oz2z3 are similar (with the same 
orientation). 


FIGURE 1.10 


Similarly, to construct the quotient z4 = =! geometrically, we need to 

22 
observe that A0z2z, and AO12z, are similar (with the same orientation). 
ExaMPLe. Construct 1/(2 + 7) geometrically. Let z} = 2+ %, z = 
1/(2+2), then A01z, and A0z21 are similar (with the same orientation), 


and so we construct z2 as in Figure 1.11. 
We now return to the case when the triangle inequality (Theorem 


1.6.1), 


|zy + z2| < Jz] + |zal, 
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FIGURE Ill 


becomes an equality. Examining the proof, we notice that equality holds 
if and only if any one of the following equivalent conditions holds: 
R(21Z2) = |z1Z2|. 

21Z2 IS a nonnegative real number. 


Z1 ° o.e 
— is a positive real number or z1z2 = 0. 
22 


z, and z2 have the same argument (mod 27). 


ode, oe ie oS 


z, and z2 are on the same ray from the origin. 


— — P 7 
Vectors 0z; and 0z2 have the same direction. 


an 


1S The nth Roots of 1 


The unit circle—the circle with center at the origin and radius 1—can 
be expressed as 


Icij=1 (eC). 
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In terms of polar representation, this can be written as 
¢ = cosé +isind (6 € R). 
For this ¢, if z € C, then we have 
Cz] = ICl-lzl= lz], — arg(¢z) = arg¢ + argz. 
It follows that multiplying by ¢ simply means the rotation of z with 
respect to the origin by the angle 6 (= arg). 


Suppose z = x + iy, Cz = x’ + iy’. Then 


x’ + iy’ = (cosé + isin 6)(x + iy) 


(xcos@ — ysin@) + z(xsiné + ysin@). 


/ 
_ £ 


xcosé — ysin#g, 


/ 


y = xsind + ycosé@. 


This may remind us of a linear transformation. If we regard x + zy and 
/ 

x’ + iy’ as vectors ) and ee respectively, then the above relations 
y y 


z’\ _ ( cos? —siné r 
y! sind cosé y) 


Conversely, if this relation holds, then 


can be written as 


x’ + iy’ = (cosé +isin6)(x + iy), 


and so to multiply ¢ = cos@ + z1sin@ and z = z + wy is the same as 
multiplying the rotation matrix 


cos@ —sin@g 
sind  cosé 


and the vector ("): 
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zC 2 


FIGURE lle 


ExaMPLE. For ¢ = cos@ + isin@, C* is obtained by rotating ¢ by the 
angle @. Another rotation by 6 gives C°, etc. 


ExampLe. For a = r(cos@ + isin@), a* is obtained by rotating a by 
the angle 6 and magnifying (or contracting) its length by the factor r. 


EXAMPLE. We now want to find all the cube roots of 1; 1.e., we want to 
solve z? = 1. 
Set z = r(cos@ + 72sin 8). Then, by the DeMoivre formula, 


r>(cos 36 + isin 30) = 1. 
p=, cos 36 + 1sin36 = 1. 
Since r is a positive real number, we get 


r= 1, cos 39 = 1, sin 36 = 0. 


-30=2kr; ie, 0=—— (k= 0,41,+2,43,...). 


According to the fundamental theorem of algebra (Theorem 1.4.1), 
there must be exactly 3 roots, yet it appears that we have found infinitely 
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many roots. However, by the periodicity of the sine and cosine func- 
tions, we have 


wo = 14+ 70 = 3 = We = Ww = + = W_3 = W_56 = °°," 
2m -1+iv3 
Wy = COS -—— Oh = 
3 3 2 
=W4 = W7 = W109 = ° = W_2 = W_5 = °°," 
AT ae —1—iv3 
Ww2 = COs —— ~sn— = — 
3 3 p) 
= Ws = We = Wy = °°? = Wl =~ W_4=::: 


These three points are the vertices of the equilateral triangle inscribed 
in the unit circle with one vertex at 1. Note that if we set w = uw, then 
WwW. = w* = W,w* +w + 1 = 0. (See Figure 1.13.) 

We now embark on the task of finding all the solutions of the equation 


FIGURE ILI3 


Complex Numbers 
Let a solution be given in the polar form 
= r(cos@ + 7sin@). 
By the DeMoivre formula, 
z” = r"(cosné + isin né). 
‘r=l, cosné + isinné = 1. 


Therefore, 
n@ = 2k7r, a (k = 0,41, +2,...). 


Conversely, it is simple to verify that 


ze = cos" + isin (k = 0,41, +2,...) 


satisfy the given equation. We claim that 
if k'=k (mod n), then Zh = Zk. 
Without loss of generality, we may assume that 
ki =k+jn (€Z,0<k<n). 
Then 


2k'xn .. 2k'x 
+2S1N 


Zk = COS 


2kr _. [2k 
= cos | —— + 2jn ] +2isin | — + 2jz 
n n 


2kr _. Qkr 
= cos —— + isin —— = Z, 
n n 
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so there are at most n distinct roots z, corresponding to k = 0,1,..., 
° ° : 3 
n — 1. Conversely, if z,: = z,3 that is, if 


2k'n  .. 2k'x 2kr _ Lkr 


cos + 7S1n = cos —— +2S1In —, 
n n n 


then we have 


/ 
za = an + 2mr forsome mé€Z, 


nr 


which implies that k’ = k (mod n). 
Summing up, there are exactly n roots 


2kn 325. Dkr 
cos —— + isin —, 
n 


corresponding to k = 0,1,2,...,n — 1. They form the vertices of the 
regular polygon with n sides inscribed in the unit circle with one of the 
vertices at 1. 


EXAMPLE. Find the roots of z> = 12 + 5i. 


FIGURE 114 
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Solution. Let yp = arg(12 + 5i) = arctan 3 . Since {12 + 52| = 13, if 
we set z = r(cos@ + 7sin 9), then 


r5(cos 56 + 2sin50) = 13(cosyp + isin ~). 


2 
-p=V3, 60= : + = (k = 0,1,2,3,4). 

Thus, the five roots form vertices of the regular pentagon inscribed in a 
circle with the center at the origin and one vertex at 7/13(cos €+isin £) 
(see Figure 1.14). A reader should compare the polar representation 
approach with the method of §1.3 and §1.4. 

EXAMPLE. Let z = cos 2 2n + isin 2. Then since z> = 1, but z # 1, we 
have 

+e ere2?tz2+1=0. 


Dividing both sides by z? (z* # 0), we get 


(? +4) + (245) 41-0 
Zz z 


1.€., 
2 
(+=) + (z+2)-1=0 
YA z 
But z + + = 2cos %, so we get 
27 21 21 =1+44/5 
4cos* — — -—]| = 0. —_ = 
COs 5 + 2cOs 5 1=0 “. COS 5 4 


But cos 22 > 0, so we obtain 


This result implies that a regular pentagon can be constructed with a 
compass and straightedge. 
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V5 +1 


come from? Is it a mean- 


Quiz : Where does the other value — 
ingless number simply to be discarded? 


110 The Exponential Function 


In calculus? we learned that 


No 


x He 


L 


ie a x 
is valid for all c € R. What if x is replaced by 10? The left-hand 
side becomes e**. But what is this exponential function with a complex 
variable? We don’t know. So let us look at the right-hand side first. 
Every term Cr makes perfectly good sense, so we collect the terms 


according to whether the term has 7 or not (we are changing the order 
of summation in an infinite series which is justified since our series is 
absolutely convergent), and we get 


62 64 ood re 


Q3 g> g’ g2ntl 


= cosé + isin0, 


again by what we learned in calculus. Since e*? has no meaning, we 
might as well use this result to define it: 


e”” -= cos@ + ising. 


2 Areader who has no background in calculus may skip this section, treating e*® in what 
follows as a shorthand for cos 6 + isin 0, with the understanding that e*® . e* = e(Ot), 
which is just a rewriting of the identity 


(cos 6 + isin 8) - (cosy + isin y) = cos(@ + ~) + zsin(@ + ¢). 
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Then the DeMoivre formula 
(cos @ + isin)” = cosné + isinné 
reduces to 
(e?)" = = ent, 


a triviality. Substituting 6 = 7 in the equality defining e*’, we get 
e’™ = cosa +isina = —1, - ée™+1=0, 


which ties together the five numbers 0, 1, 7, e, 2; arguably, these are the 
five most important numbers in mathematics. 

Now the exponential function f(x) = e* (x € R) is characterized by 
the property 


f(x + y) = f(x)- f(y); Ley e7*¥ = e* . e¥ 


(and the initial condition f’(0) = 1). Is this still valid when extended to 
a complex variable? The answer turns out to be affirmative, and there 
is a very slick proof that appeared in T. Takagi [Mathematical Analysis, 
Iwanami, Tokyo, 1986, p. 190], if we know that a complex power series 
can be differentiated termwise within the disc of convergence. Let 


22 
fa)elta+ te coer aoere 


By termwise differentiation, it is immediate that 
f(z) =f(z) forall 2zeC andall neN. 
Therefore, by the Taylor series expansion of f(z + w) around z, we get 


Py Ly 4. 


FOZ) 
Or aes 


wt+ i + +... 


f(zt+w) = flz)+ T= 


w n 
spofietet at em 
= f(z): fw), 


which is what we want to show. 
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Adding and subtracting the equalities 


e? = cosé + ising 
and 
e~? = cos6 — isin 8, 
we get 
09 4 pi cid _ pi0 
cos 9 = ————_., sin@ = ————. 
2 21 


Multiplying, we get 
cos’ 6 + sin’ 6 = 1. 


EXAMPLE. Show that 


d” nt 
ae (e* cos xz) = 2"/“e” cos (2 + ra ) (n = 0,1,2,...). 


Solution. This can be done by mathematical induction, but the follow- 
ing computation gives insight, and allows generalization. 


dq” 
ih (e* cos x) 


a {ett 


dx” 
d” ; 
(itz 
tt aae} 


=R{(1+ i)" ete] 


a {(v2 etn)" elltde | 


— 27/2 7p {e" etterinn/4) | 
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EXAMPLE. Show that for 0 <r < 1, 
2 


l—r 


1+2 6+r°cos20+---+r” hove Se eee ee th 
(r cos r* COs r™ cosn ) a ey ae: 


Solution. 


1+ 2S > r” cosnd =] +25 R (re?) 


n=1 n=1 


=] +2R)¥- (ret)"| 


n=1 


re? 
—— ie ee ae —_—__— 
n{ | 


R {re*? (1— re?) } 


(1 — re*®) (1 — re-*#) 


2 (r cos 6 — r*) 
1—2rcos@ + r2 
1 —r? 


1—2rcos6 + r2’ 


which is the important Poisson kernel. Taking the imaginary part instead 
of the real part in the above computation, we obtain the conjugate 
Poisson kernel: 


Oo 


rsin@ 
) "sinnd = ————__——— QO<r< 1). 
mt T— 2 cosd + 7 eres) 


n=1 


EXAMPLE. It is simple to verify that 


[ e916 ts an (n = 0); 
0 0 (n = nal e ae oy ai -). 
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an 2n. 736 ~io\ 4 
7) cos‘ 6 dé / (—) dg 
0 0 2 


ae cauereee | | , 
=— | (ce? + 4c +6 + 4e°7*9 +e *) do 
0 


24 
6 7 30 
in. oe 


More generally, for n € N, we have 


an 27 
/ sin?” 6 dé = / sere de site yee 
0 0 n 22n 


_ (2n)! Qn 


= 1-3-5---(2n —3)-(2n-1) 


Fb Gnd ay 27 (Wallis) 


Exercises 


1. Perform the indicated operations, and reduce each of the following 
numbers to the form zx + iy (z, y € R): 


(a) (1-a(2- (3-9) 
(b) (V3+i) 3 


4+ 31 
(c) 2 AG 


y= 2 
(d) 54 y? Where z=4+ 31. 


2. Find the real numbers 2, y, u, v satisfying 


Z=2+1, w=3+1y, 


z+w=u-t, zw = 144+ 0. 
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3. Letz =a+t+ib(a,beE R). 
(a) Express |#(z*)|? + |S(z?)|? = |z|* in terms of a and b. 


(b) If z = 2 +i, then this gives us 3? + 4* = 5?. Can you find other 
Pythagorean triples? 


4. Show that any complex number z with |z| = 1, but z # —1 can be 
expressed as 
1+ it 
z — 
1 —it 


with an appropriate choice of the real parameter ¢. 
5. Let z = a+ib(a,b € R). Find conditions on a and 6 such that 
(a) z* is real; 
(b) z4 is purely imaginary. 
6. Find the absolute values of 
(a) 3 + 23; 
(b) -1+ iV3; 
(c) —7(1 + 2)(2 — 32)(4 + 32); 


(a) B= is - 2i) 


7. Letz =atib,w =c+tid(a,b,c,d € R). 

(a) Express |zw| = |z||w| = |zw] in terms of a, b, c, d. 

(b) Choosing z = 2+ i, w = 2 + 37 in (a), we get 8° +1 = 4° +7". 
Find other positive integers p, q, r (p # 1, g # 1) satisfying the 
equation 

r+l=p tq’. 


(c) Show that the set 


S={peEN;p=m’ +n forsomem, néN} 


8. 


10. 


11. 


12 


. If |a| < 1 and |z| < 1, show that 
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is closed under multiplication; 1.e., p,q € S = > pq ES. 


(a) Prove the parallelogram law: 
la + Bl’ + la — Bl? = 2Aal? + |5|*) 


for two arbitrary complex numbers a and 7. 


(b) Suppose that |a| = |G|. Show that for any y € C, 
lat 4? + la—y/? = |B + yI° + 18 -Y/. 
(c) Interpret the equalities in (a) and (b) geometrically. 


z+a 


1+ az 


| <1. When does equality 
hold? 


Find the set of all z € C satisfying the following : 
(a) Rz > Sz; 

(b) jz -—1+ 32| <4; 

(c) jz —1] + |z +2] = 2. 

(d) |z-—1 +42] -—|z+1-—2|>2. 

Let ja] = |B] = |y| = 1. 


(a) Suppose a + @ + y # 0. Show that aoa = 1. 


at+tBptry 


(b) Show that @FVO+ V4) eR 
apy 


Solve the following quadratic equations : 
(a) $27 +(1—i)z +i = 0. (Compare with the example in §1.3. 
What conclusion can you draw?) 


(b) (1 — i)z* — 3z — (1 +7) = 0. (What is the discriminant? Are 
the roots real?) 
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13. (a) Show that if a is a root of a polynomial equation with real 
coefficients (1.e., all the coefficients are real), then @ is also a 
root. 


(b) Show that a polynomial equation with real coefficients and odd 
degree must have at least one real root. 


14. What is wrong with the following ‘proof’? 


1= VP = fp = (Val) =# = -1 2=0. 


15. Solve 
(a) 2-—i=0; 
(b) 24 +1=0; 
(c) 2 +32=0; 
(d) 2°-1=0. 


16. Give another example of an order relation in C satisfying the pos- 
tulates P,; and P, in 81.5. 


17. Leta, b,c € R. Prove 


(a)a>bb>c => arc 
(b) a>b,c>0 = ac> be; 


(c)a>b,c<0 = ac < be, 


from the postulates P;, P), and P; in 81.5. 


18. If > = 1, show that 


¢ C C G 
fC T4C  iac 1 


+ 
¢ C c C 
ia@ i.6 Tac "1-e 


(a) 


(b) 
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19. 


20. 


ZI; 


Ze. 
23. 


24. 


2): 


26. 
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Letw* +w+1=0. 


(a) Show that every complex number z € C can be expressed 
uniquely in the form 


z=atbw (a,b€ R). 


7+ Sw + 3w2 


(b) Find a and 6 (a,b € R) such that =a + bu. 


Show that for arbitrary z,, 22,...,2n € C, we have 
Jz + 22 $--+ + 2y| < fz] + [zo] +--+ + lznl. 


When does equality hold? 


Given three vertices 3 + 7, 1 — 21, —2 + 4: of a parallelogram, find 
the fourth vertex. How many solutions are there? 


Show that the diagonals of a parallelogram bisect each other. 


Show that in an arbitrary quadrangle, the midpoints of the four 
sides are the vertices of a parallelogram. 


We have seen in 81.7, that a point z is on the line segment joining 
the points z; and 22 if and only if 


z=(1-t)z + tz forsome te (0,1). 


What if ¢ € R is not in this range? 


(a) Show that z1, z2, z3 € C are collinear if and only if there are 
three real numbers a, , y, not all zero, such that 


az, + Bz2 + yz3 = 0, at$B+y7=0. 


(b) Can this be extended to four points or more? 


Given a hexagon, if we choose the midpoints of alternate sides, we 
obtain the vertices of two triangles. Show that the centroids of these 
two triangles coincide. 
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27. Let A’, B’, C’ be points on (the extensions of) the respective sides 
BC,CA, AB of A ABC such that 


where the orientations of the line segments are taken into account; 


1.€., Be > Oif BA’ and BC are of the same direction, and BA’ - 
if they are of the opposite direction; and similarly for the other 
ratios. Show that the centroids of A.A’ B’C" and AABC coincide. 


28. (a) Given four arbitrary points 2, z2, 23, z4 in the complex plane, 
let wi, w2, w3, w4 be the centroids of 


A22324, 0212324, LAz2224, Az12223, 


respectively. (If you so wish, you may assume that no three 
of these four points are collinear.) Show that the four line 
segments joining the points z; and wj, 22 and wy, 23 and w3, 
z4 and wy intersect at one point. 


(b) Generalize. 


29. (a) Given 3 points, construct a triangle for which these points are 
the midpoints of the sides. 


(b) Given 5 points, construct a pentagon (may be self-intersecting) 
for which these points are the midpoints of the sides. 


(c) Generalize. 
(d) What if the number of the given points is even? 


30. Let 21, 22, 23 be three arbitrary points in the complex plane. 


(a) Show that a point z is in the interior or on the boundary of 
Az 2223 if and only if there are nonnegative real numbers a, £, 
-y such that 


z= az + Bz2 + 23, atBP+y=1. 


(b) 
(Cc) 


31. (a) 


(b) 


32. (a) 


(b) 
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Find the locus of the points for which a = ‘. 


Show also that if the triangle Az,z2z3 does not degenerate, 
then the correspondence between the set of points z in the 
(closed) triangle (i.e., the boundary included) and the set of 
ordered triples 


{(a,8,y) ER’; a>0, B>0,7>0,a+B+y7=1} 


is one-to-one. [(a, @, 7) are called the barycentric coordinates 
of the point z.] 


Let 21, 22,..., Z, be arbitrary points in the complex plane (n > 
2). Show that a point z is in the smallest closed convex polygon 
containing these n points if and only if there are nonnegative 
real numbers aj, Q@2,...,a,, such that 


nr mr 
z= ) 1725, ) a; =1. 
j=l j=1 


Assuming 2}, 22,...,2n are vertices of a convex n-gon, do we 
have uniqueness of representation as in the previous problem? 


Suppose 0 < arg w — arg z < 7, show that the area of AOzw is 
given by 


1 


Suppose 0 < argz,; < argz2 < --- < argz, < 27, show that 
the area of the polygon whose vertices are at 2, 22,..., Zn IS 


given by 
1 Tm 
73 {Sov} (Zo = Zn) 


k=] 


(c) Show that the result in (b) can also be written as 


12 
4 S (zk — Ze—1) (Zk + ZR): 
k=1 
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39; 


34. 


3D: 


36. 


37. 


(a) Given z € C, show that there exist a, 8 € C with |a| = |6| = 1 
such that z = a + @ if and only if |z| < 2. 


(b) Given z € C, show that there exist a, 3, y € C with |a| = |G| = 
ly| = 1 such that z = a + @ + 7 if and only if |z| < 3. 


(c) Generalize. 


(a) Find the condition on a, b € R for which the system of simulta- 
neous equations 


cosx + cosy = a, sinz + siny = b, 


has solutions z, y € R. 


(b) Solve the above system of equations for the case a = ue 
b= 

(c) Solve coszx + siny = _ sinxz + cosy = = 

(d) Solve Scosz + 3siny = = Ssinz — 3cosy = - 

(a) If 2) + z2 + z3 = Oand |z| = |z2| = |23| = 1, show that z), 
22, 23 are the vertices of an equilateral triangle inscribed in the 


unit circle. 


(b) If z] + 22 + 23 + 24 = Oand |z,| = |z2| = |z3] = |z4| = 1, what 
can be said about the quadrangle with vertices at z, 22, 23, 24? 


For any complex number a # 0, show that a, —a, =, -<, 0 are 
collinear. 

Find polar representations for 

(a) 1+3; 

(b) 4 — 32; 


(c) 1 +4; 


38. 


39. 


40. 


41. 
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1 
d “9 
(a) + 
where w* +w+1 = 0. 


Give a counterexample to 
arg(z122) = arg z + arg 22 
if we make the restriction 0 < argz < 27a. What if we make the 


restriction —7 < argz < 7? 


Ties gnrtl 


(a) Show that lteter te. $2” = 


(z # 1). 


1—z 


(b) Suppose ¢!” = 1 (¢ # 1). Show that 
1+ c% + c7F 4... 4 C1 = 9 
where k is an arbitrary integer that is not a multiple of 17. 


Let 6 be the exterior angle of a regular n-gon. Show that 


(a) 1+ cos@ + cos26 + --- + cos(n — 1)0 = 0; 


(b) sind + sin26 + --- + sin(n — 1)@ = 0. 


(a) Derive the following identities : 


- (n+ 
z cos 22 - sin 2 ue 
) cos k@ = Peg ee ad 
k=0 sin 5 
° 7 + 
Lo sin ne - sin (a+b! 
> sinkd = 22 < 6 < 2n). 
k=l sin 5 


(b) Use the identities in (a) to evaluate the sums: 


Sok =14+2434---4+7, 
k=1 
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SOP =P +243? 4+---4n?. 
k=1 


[This serves to check our results in (a).] 
Hint: lim =? — tim* = S8*" = 9 
60 @ 60 86 


42. Show that 


43. 


44. 


45. 


46. 


Hint: (1 +z)" = (3) + ()z +--+ + Oe 
(a) Express 1 + iV3 in polar form. 
(b) Simplify (1 + iV3)' + (1 — v3)”. 

(c) Simplify (1 + 2)??? + (1 — 21971, (1 + i)!7! — (1 — 1)". 


Suppose rp + Yn = (1 + iV3)" (Zn, Yn € R). Show that 


LnYn+1 — Lnt+1Yn = 22" /3, 


In+1In + Ynt+1Un = a 
Find the smallest positive integers m and n satisfying 
(1 +iv3)™ =(1-4)". 


Letz =atb,y = aw + bw’, z = aw’ + bw, wherew? +w +1 = 0. 
Express x? + y° + z? in terms of a and b. 


Se COMPLEX NUMBERS AND GEOMETRY 


47. Letw7 +w+1=0. 


(a) Given any two polynomials p(z) and q(z), show that the poly- 
nomials 


f(z) = p(z)p(wz)p(w*2), 


9(z) = p(wz)q(w*z) + p(w*z)a(z) + p(z)awz) 


have nonzero coefficients a,x, by only if k is a multiple of 3, 
where ax, by are the coefficients of z* in f(z) and g(z), respec- 
tively. 


(b) Prove that every function y(z) (defined for all z € C) can be 


expressed as 


—_Z 


y(z) = f(z) + g(z) + A(z), 


where f(wz) = f(z), g(wz) = wg(z), h(wz) = w*hA(z) for all 
ae C, 


(c) Generalize. 
48. Show that 
(a) sin20 = 2sin@-cos8@, 
; . (7 af 1 
sin 36 = 4sin@- sin (5 — 0) - Sin (5 + 0), 
sin4@ = 8sin@-cos@- sin ¢ — @) - sin ¢ + 0), 


2 
sin5@ = 16sin@- sin & - 6) - sin (F 6) 


- sin (5 a5 @) - sin (F +0), 
(b) cos26 = 2sin G — @) - sin (5 Ss 0), 


cos 38 = 4cos@- sin (< — @) - sin ¢ + 0), 
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_ (tw ; 37 | (0 
cos 4@ = Ssin (5 — @) - Sin (F _ 6) - Sin (5 + @) 


. [3r 
; naa ES % 
sin ( 3 8), 


cos 5@ = 16cos@- sin (= ~ 0) - sin & ~ 6) 


See a c.f OM 
- sin (= + 0) - sin (3 + 8). 
(c) Generalize. 


49. (a) Let ¢ = e?7*/”, show that 


k=1 
n—-1 
[[@-¢) =14+24---42"7 
k=1 
(b) Show that 
a ee Us _ (n-1)x n 
Be ee rank tea nee > 2). 
sin — -sin —---- sin —— ana (n > 2) 


50. Construct a regular pentagon using only a compass and straight- 
edge. 
51. Suppose z + * = 1. Show that the sequence {w,}?2,, where 
z& 
We = z* + Ee) is periodic, and find its period. 
z& 


52. (a) Show that the polynomial z*” + z” + 1 (n € N) is divisible by 
z* + z+ 1 if and only if n is not a multiple of 3. 


(b) Find a necessary and sufficient condition on natural numbers p 
and q such that the polynomial z? + z7 + 1 (n € N) 1s divisible 
by 27 +241. 
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53. 


54. 


55. 
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Show that? 


(a) For every natural number n, there exist polynomials p,.(x) and 
Qn(x) (with real coefficients) satisfying 


cosné = p,(tan @) - cos” 8, 


sinn@ = q,(tan @) - cos” 6. 


(b) pr(x) = ${(1 +iz)"+(1- ix)” }, 
Qn(x) = + {(1 +ix)” —-(1- ix)” }. 


(C) Pr(z) = —ngn-1(Z);  n(Z) = MPn-1(Z) (n> 1). 

Guess and prove similar relations to the Example in §1.10: 
da” —zr ' e 

(a) aaa te -sin x); 


n 


V3a : : 
(b) ia (e cos x); 
(c) be Ce - sin V3z) 
dx” 
Evaluate 


(a) H = 7 - cos bz dz, 


(b) K = [es -sin bx dz. 


Hint: H+1K = ? 


3 Problem 53, excluding part (b), is taken from the entrance examination of the Univer- 
sity of Tokyo, Japan, February 25, 1991. 


CHAPTER 2 
Applications to Geometry 


2l Triangles 


We now discuss applications of complex numbers to plane geometry. It 
is important to keep in mind that complex numbers are not just vectors; 
they can be multiplied by each other. In applications to geometry, we 
shall make full use of this property. Complex numbers are particularly 
effective for certain types of problems, but may be cumbersome for 
some problems that can be solved by elementary methods. 

In elementary geometry, triangles are the building blocks and the 
congruence and similarity of two triangles are the most fundamental 
concepts. We start from the conditions on the similarity of two trian- 
gles in terms of complex numbers. Let us first present the following 
notational conventions and some review. Throughout this chapter, we 
say Az1,2z22z3 and Aw,w2w3 are similar, and write 


A21 2223 ~ Aw w2w3 


if and only if the angle at z;, is equal to that at w, (hence z, correspond 
to wz, k = 1,2,3), and they are of the same orientation (i.e., they are 
both counterclockwise or both clockwise). 

If they are of the opposite orientation (one clockwise, the other 
counterclockwise), then we write 
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Z} Ww, 2 


G 


Z>5 & 


W, 


FIGURE 2.1 


Az 2223™ Aw) w2w3 (reversed). 


Note that z;, still must correspond to w, (k = 1,2, 3). 

As usual, we use the notations ||, 1 to denote that two lines (line 
segments or vectors) are parallel or orthogonal, respectively. 

Since for distinct points a, GB, y € C, 


| = arg(3 — a) ~ arg(y ~ a) 


e —_ — 
= the oriented angle from the vector ay to af, 


; —a 
a, B, y are collinear <> p ER 
a 
eee ae 
y¥-a Y7V-@ 


and 


B-a 
y¥—a 


is purely imaginary 
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ap || 7 —> ——“ eR 
OY 
clea ge eee 
6-y 6-¥ 


—_ 
furthermore, ap and é have the same (opposite) direction if and only 
if oe is a positive (negative) real number; and 


ap ali 76 => : a is purely imaginary 
ge So Oa 
db-y §-¥ 


Consequently, if a@ # 0, then 
la + BI = lal + [bl > GER and 3 > 0 


THEOREM 2.1.1. A2z12223 ~ Aw ,w2w3 


22-21  wW2- UI 


43 — #1 w3 — Wi 


21 Wi 1 
S12 w. 1/=0. 
z3 w3 1 


Proof. Two triangles are similar if and only if the ratios of the lengths 
of the two corresponding sides are the same and the (corresponding) 
angles between them are the same (including the orientation). Hence 


A212223 od Aw) w2w3 
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22 — 24 W2— Wi 22 — 24 W2 —- Wi 
———| = |——_|_ and __ arg = arg ————_- 
23 2| W3—- Wi Z3—- 2{ W3— Wi 
2-41 W2— Wi 
23 — ®] W3 — WI 
Zz, Wi 1 
<—/| 2 uw. 1/=0. 
23 U3 1 
O 
Coro.bary 2.1.2. Az, 2223 ~ Aw ,w2w3 (reversed) 


22-2,  W2-W} 


23 — 2] W3— W] 


Z1 Wi 
>! 2 WwW 1/=0. 
z3 WwW; «1 


Proof. °- AW,W2w3 ~ Aw ,w2w3 (reversed) 
Y. 1212223 ~ Aw,w2w3 (reversed) <> A2z12223 ~ AW W203. O 


Example. Three points 2}, 22, 23 are collinear 


<> Az12223 ~ AZ12223 


zy 2, 1 
<=>] 2 2 1/)=0 
z3 23 «dW 


EXAMPLE. Given two distinct points z; and 22, find the equations of 
(a) the line passing through the points z; and z ; 
(b) the perpendicular bisector of the line segment joining z, and zp. 


Solutions. 
; a an | 

(a) Zz 2, 1/)=40. 
Zz 22 | 


Applications to Geometry SS 


A(Q) 


B(B) C(Y) 


FIGURE 2.2 
a ae | 
(b) zy 22 1/=0. 
z. 2 1 


ExaMPLE. The perpendicular bisectors of the three sides of an arbitrary 
triangle meet at a point. This point is called the circumcenter of the 
triangle. 

Solution. Let the three vertices A, B, C of the triangle be represented 
by complex numbers a, (, y, respectively. Then the equation of the 
perpendicular bisector of the side BC is 


2 DR 
BIR! xX 


(8 — Fz + (8-2 = |B)’ — bl’. 
Similarly, those of the sides C'A and AB are 
(7 —G)z + (y— a)z = I — lal’, 


(@ — B)z + (a — B)z = lal’ — |4I’, 
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respectively. Adding any two of these three equations gives the third 
one, which implies that the solution of any two of these equations 
automatically satisfies the third. In other words, the intersection of any 
two perpendicular bisectors is on the remaining perpendicular bisector. 

Solving a system of simultaneous equations consisting of any two of 
these three equations, we obtain the circumcenter : 


, = (8 — 9) + BP — 2) + (a — 8) 
a(3 — 7) + B(y — a) + F(a — B) 


Note that, by symmetry, we see again that this solution also satisfies the 


remaining equation. 


EXAMPLE. Az; 2223 iS an equilateral triangle 


=> Az)2023 ~ A232122 


z) 23 «1 
<= >| 2 2 +1); =0 
23 «(2 1 


o> 27 + 23 + 22 — 2923 — 2321 — 2122 = 0 


<> (21 + w22 + w°z3) - (21 + wz. +w23) = 0 (Ww? +wt1 = 0) 


> 213 $wz +w*2z3 = 0 or ztw'2 tw2z3=0 
z 1 1 z} 1 1 

<—>/|2 w 1/=0 or z we 1|=0. 
z3 we J z3 w | 

<=> Az223 ~ Alwu’ or A 212023 ~ Alw*w. 


EXAMPLE. (Napoleon) On each side of an arbitrary triangle, draw an 
exterior equilateral triangle. Then the centroids of these three equilat- 
eral triangles are the vertices of a fourth equilateral triangle. 


Proof. Let Azz223 be the given triangle, and 


Aw) 2322, A 23W22}, L\ 2221 W3 
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Ww, 


FIGURE 23 


be all equilateral with the same orientation as Alww”, say, (where w* + 
w +1 = QO), and with G, G2, G as the centroids of these equilateral 
triangles. Then 


w, +w23 + wz = 0, 
z3 t+ ww, t+w*2z = 0, 
z7 t+ wz +w*w3 = 0. 
To prove that Ac) C2¢3 1s equilateral, we compute 
Cy + wd2 + Bae 
= FAC + 23 + 22) + 3 (23 + w2 + 2) + FZ (% +z; + w3) 
1 ; : ‘ 
= 5 iw + w2z3 + w°z2) + (23 + ww? + w°21) + (22 t+ w21 + w*w3)} 


= 0. 


Therefore, AC) ¢2@3 is an equilateral triangle. Ea 
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Alternate Proof. Since A, 2z3z2 ~ AQ1w, we have 


¢ O 1 
23 1 1/{= QO; 
za w il 


1.€., 
(1 — w)Qy — 22 + w2z3 = 0. 
= Se: 
—W 
Similarly, 
jae a a 
l-—w l-w 


= 0. 


O 


The above result is usually attributed to Napoleon. It is well known 
that Napoleon established l’Ecole polytechnique (1794), which pro- 
duced most of the French mathematicians in the early 19th century, 
and was fond of mathematics, especially geometry. Yet many people 
are skeptical that Napoleon knew enough geometry to discover this 
theorem. Incidentally, Napoleon Bonaparte is one of very few people 
in modern history who are known by their first names. Galileo Galilei 
(1564-1642) is another example. 


EXAMPLE. Lines £, £2, £3 are parallel to each other with 2) between @, 
and £3. The distance between @; and £) is a, and that between & and 
£3 is b. Express the area of an equilateral triangle having one vertex on 
each of the three parallel lines in terms of a and b. 


Solution. Choose the coordinates as in Figure 2.4. We fix one vertex 
at az, move another vertex ¢ along the real axis, and try to find the locus 
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y 


f 


FIGURE 2.4 


of the third vertex z. We have 


z+ aiw + tw* =0 (uw? twt1=0). 


z= 5 {(av3 +4) + i(a + tv3)} 


When the third vertex z is on the line Sz = a + 6, we have 


1 1 
“(a+ tvV3) =atb; 1.€., t = —(a + 26). 
=(a + tv3) Fla + 26) 


Therefore, the square of the length of a side is 


It — ai? = aaone +a = 


3 (a? + ab +b’). 


Wl] > 


Hence the desired area is 


lS 


(a* +ab+b’)-s (a? + ab + b*). 


Uo] pe 


as 
2 
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22 The Ptolemy—-C€uler Theorem 


For any four complex numbers a, (7, y, 6, the following identity is easy 
to verify: 


(a — B)-(y— 6) + (a@— 6) -(B— 7) = (a— 7) - (6 — 4). 
By the triangle inequality, we obtain 


B 6). 


la — Bl -|y — 6] + ja— 4] -|B- | = la-7- 


Let us investigate when the inequality becomes an equality. In the case 
of the triangle inequality, 


|zy + z2| < |z1| + [20l, 


equality holds if and only if — is a positive real number (provided z;z2 # 
2 


0). Thus we are looking for a condition to ensure that a isa 
positive real number. But 

(ere) is a positive real number 

(a — 6)(B — ) 

a — 


a 


Eo, Gor negative real number 
—-éd/ y-4 


That is, a, 3, y, 6 are cocyclic (see Corollary A.2.3 in Appendix A) and 
q@ and ¥ are on the opposite sides of the chord joining @ and 4, which 
results in the alphabetical order (clockwise or counterclockwise). 

We have proven the following 
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FIGURE 25 


THEOREM 2.2.1. For any four points A, B, C, D in the plane, 


B-CD+BC-DA> AC.- BD. 


Equality holds if and only if these four points are cocyclic (or collinear) 
and are in alphabetical order (clockwise or counterclockwise). 


The equality was discovered by C. Ptolemy (ca. 85-165), while the 
general case was found over a thousand years later by L. Euler (1707- 
1783). However, using complex numbers, their results can be obtained 
in a single stroke. 

The expression 


wa no (523) / (F=) 


is called the cross ratio of the four points a, (3, y, 6. It plays an important 
role in various parts of mathematics, especially in projective geometry, 
which is certainly one of the most beautiful branches of mathematics. 


CorROL ary 2.2.2. Four points a, 3, y, 6, are cocyclic (or collinear) if and 
only if 
(a, B; 7,6) ER. 
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In the sequel, ‘collinear’ is regarded as a particular (degenerate) case of 
‘cocyclic’. 

When the inscribing quadrangle is a rectangle, the Ptolemy theorem 
reduces to 


Coro..ary 2.2.3 (Pythagoras). [na right triangle ABC, with the angle at 
C being the right angle, 


BC +CA = AB’. 


ExaMpLe. Let ABC DE be a regular pentagon of sides @ inscribed in 


a circle of radius r, and P be the midpoint of C'D, and d the length 
of a diagonal. Applying the Ptolemy theorem 2.2.1 to the quadrangle 
AC'DE and AC'PD, we get 


dé+l =a and = 2rd = Q2rP, 


where z is the length of a side of a regular decagon inscribed in the circle 
of radius r. It follows that 


yi= - = : satisfies y=ytl. 
A 
B 
C D 
P 


FIGURE 2.6 
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Therefore, the ratio of the radius r to the side z of the inscribed regular 
decagon is the famous golden ratio : 


1+ 75 
iol, aa (. p> 0). 
In particular, a regular pentagon and a regular decagon can be con- 
structed with a compass and straightedge, as we have already seen at 
the end of 81.9. 


23 The Clifford Theorems 


In this section,! we prove an infinite sequence of theorems discovered 
by W. K. Clifford (1845-1879). The crucial step is the following lemma, 
which we shall use in other sections too. 


LEMMA 2.3.1. Suppose there are four circles C;, C2, C3, C4 ina plane. Let 
C; and C} intersect at z; and w,, Cz and C; intersect at z2 and w2, C3 
and C4 intersect at z3 and w3, C4 and C; intersect at z4 and w4. Then the 
points 21, 22, 23, 24 are cocyclic if and only if w, w2, w3, wa are cocyclic. 


Proof. By assumption, the following four cross ratios are real : 


; _ *1— 22 21 — WI 
(21, W2; 22,w1) = ——— / ———_,, 
W222 W2 — Ww 
. _ 2 — 23 22 — W2 
(22, w3; 23,2) = ——— / ———, 
W3 — 23 W3 — W2 
; _ %3 — 4 23 — W3 
(23, wa; 24,3) = ——— / ———, 
W4— 24 W4 — W3 
. _ 24 — 2] 24 — W4 
(24, wi; 21, w4) = ——— / ———. 
W1— 21 W1 — W4 


1 Other than the lemma, the material in this section will not be needed for the rest of 
the book, and so may be skipped in the first reading. 
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Therefore, 


(21, W23 22, Wi) (23, Wa; 24, W3) 
(22, W3; 23,W2) (24, W153 21, Wa) 


_ 21 — 22 21 — 24 W1 — W2 W, — W4 
23 — 22 23 — £4 W3 — W2 W3 — W4 
= (21, 235 22, 24) ' (w1, W3; w2, ws) 


is real. Hence (21, 233 22, 24) is real if and only if (w 1, w3; wz, w4) is real. 
O 


FIGURE 2.7 


We say n lines in a plane are in general position if no two of them are 
parallel and no three of them meet at a point. 

Let us call the intersection of two lines in general position, their 
Clifford point. From three lines in general position, we obtain three 
Clifford points, by choosing a pair of them each time, and the circle 
through these three points (the circumcircle of the triangle formed by 
these three lines) is called the Clifford circle of the three lines. 
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Now, given four lines C), C2, C3, C4 in general position, let z;, be 
the intersection of the lines C; and C;, (other than 00), and Cimn be the 
circumcircle of AZmnZniZim. (We disregard the permutation of indices; 
for example, 2j4 = 2kj3, Cimn = Cnim-) Applying Lemma 2.3.1 to C34, 
C2, C1, C134, and noting that 


C34, Co intersect at 223, 2243 
Co, C1 intersect at oo, 2123 
Ci, C34 imtersectat 213, 2443 

C34, C234 intersect at 234, 21234, 


where 21234 is the ‘new’ intersection of C234 and C34 (i.e., other than 
234), then, since z23, 00, 233, 234 are collinear (all on C3), we conclude 
that 204, 212, 214, 21234 are cocyclic. But the circumcircle of Az242z12214 iS 
the circle C24, hence the circles C34, C134, C124 meet at 21234. 

On the other hand, with the same C34, C2, C1, C134, if we note that 
224, OO, 214, 234 are collinear (all on C4), we conclude that 23, 212, 213, 
21234 are cocyclic. But the circumcircle of Az 23212233 1s the circle C23, 
hence the circles C234, C134, C123 meet at 21234. 


FIGURE 28 
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We have shown that the circles C234, C134, C124, C123 meet at one point 
21234, which we call the Clifford point of the four lines C1, C2, C3, C4. 

Before we proceed to the case of five lines, we remark that the point 
zjk 1S at the intersection of the lines C’;; and C;, ; the circle Cimn passes 
through the points zmn, Zin, Zim 3 the point zzimn 1S the intersection of 
the circles Cimn, Crmn> Criny Cktm. In particular, the circles Cjmn and 
Crmn intersect at Zimn and Zmn. Now we are ready for the next step. 

Suppose we are given five lines C, C2, C3, C4, Cs in general position. 
Preserving our notations above, and taking four lines at a time, we 
obtain five Clifford points 22345, 21345, 21245, 21235, 21234. We claim that 
these five Clifford points are cocyclic. To prove this, it is sufficient 
to prove that any four of these five Clifford points are cocyclic. For 
example, take 21345, 21245, 21235, 21234. These can be considered as the 
intersections of C134 and Cy35, C25 and C145, C23 and C25, C24 and 
C34, respectively. The second point of the intersection of these pairs of 
circles are the points 213, 215, 212, 214, which are collinear (all on C;), and 
so, by Lemma 2.3.1, we get the desired result. The circle so obtained is 
called the Clifford circle of the lines C,, Cz, C3, C4, Cs, and is denoted 
by C2345. 

Now given six lines Cy, C2, C3, C4, Cs, Co, in general position. Taking 
five lines at a time, we obtain six Clifford circles. We claim these six 
circles meet at a point, the Clifford point of the six lines. To prove this, 
it is sufficient to show that any three of these six circles meet at a point. 
Note carefully: it is simple to give an example of four circles, any three 
of which meet at a point without all four of them meeting at a point, but 
this cannot be done if we have five circles or more. 

Suppose we want to show that C3456, C'13456, C2456 meet at a point. 
Consider a sequence of four circles C3456, C245, C145, C'13456- These 
intersect, in pairs, at 22345 and 22456, 245 aNd 21245, 21345 aNd 21456, 23456 
and 2123456, Where z123456 1s the intersection of C3456 and C3456 other 
than 23456. But the points 22345, 245, 21345, 23456 are all on the circle 
C345. Hence the points 22456, 21245, 21456, aNd 2123456 must be cocyclic. 
However, the first three of these four points are on the circle C2456, 
hence the circle Cj2456 passes through the intersection of C3456 and 


C3456. 
Now it is simple to carry on the induction argument. 
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2.4 The Nine-Point Circle 


Given a triangle ABC, choose its circumcenter O to be the origin of the 
complex plane, and let a, @, 7 be the complex numbers representing 
the vertices A, B, C, respectively. Without loss of generality, we may 
assume that the circumcircle has radius 1; i.e., |a| = |G] = |y| = 1. 
Then it is natural to ask, Where is the pointo =a+((+~7? 

Since o—a = 8 +4, and ae is the midpoint D of the side BC, a is 
on the perpendicular from the vertex A to the side BC, and the length 
|o — a| is twice that of OD. By symmetry, a also is on the perpendicular 
from B to CA, and on that of C to AB; 1.e., o is the orthocenter H of 
A ABC. Note that we have shown that three perpendiculars from the 
vertices to the opposite sides meet at a point, called the orthocenter of 
AABC. 


FIGURE 2.9 


Now $ = 3(a + @ + 7) is the midpoint of the line segment joining 
the circumcenter O and the orthocenter H. The distance from 5 to the 
midpoint D of the side BC is 
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Similarly, the distance from 5 to the midpoint EF of the side C’A, and to 
the midpoint F of the side AB are all equal to 3. 

Furthermore, the distance from $ to the midpoint of the line segment 
joining the orthocenter H to the vertex A is 


Similarly, the distance from + to the midpoint of BH, and to that of 
CH are also equal to 5. 

To find the foot A of the perpendicular from the vertex A to the side 
BC, we first compute the point a’ where this perpendicular meets the 
circumcircle again. Thus a’ must satisfy the conditions 


_—_—_—_ —> 
aa’ 1 By, la’|=1, a’ #a. 


From the first condition, we get 


a is purely imaginary; 
1.€., _ 
ee ot, 
Pay ee 


Substituting the relations a = +, etc., this becomes 


a—a’ By \ _ 
mal (14 Pt og 


Hence 
»_ PY 
C= =—s 
a 
To check whether our computation is correct, note that |a’| = 1, and 


— 
Poe —1, and so arg (=) + arg (=) = 7, which means that aa’ 1 
a a 

BY; viz., a’ is the point where the perpendicular from A to the side BC’ 
meets the circumcircle again. 
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Now the distances from the vertex B to a’ and toa are 


pee 
a 


B 
=| ety = lah yl, 
a 


lo -— B| = |(a+B+7)- Bl = lat yl, 


respectively. Hence AGa’a is an isosceles triangle, and 


A= Zeta’) = 5 (0-2). 


a 


It follows that the distance from 5 to the foot A (of the perpendicular 
from the vertex A to the side BC) is 


Similarly, the distances from + to the other two feet of perpendiculars 
are also 3. 


FIGURE 2.10 


Summing up, we have obtained the following. 
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THEOREM 2.4.1 (The Nine-Point Circle). In any triangle, 


(a) the feet of the three perpendiculars from the vertices to the opposite 
sides, 


(b) the midpoints of the three sides; and 


(c) the midpoints of the segments joining the orthocenter to the three 
vertices, 


are all on the same circle, whose center is at the midpoint of the segment 
joining the orthocenter and the circumcenter, and the radius is one half of 
that of the circumcircle. 


The line passing through the orthocenter, circumcenter, centroid, 
and the center of the nine-point circle is known as the Euler line of the 
triangle. 

Let 21, 22, 23 be three arbitrary points on the unit circle |z| = 1. Then 
the circumcenter, centroid, the center of the nine-point circle, and the 
orthocenter of Az; 2223 are given by 


1 1 
Q, 3 (41 + 29-23), 5 (21 + 22+ 23), (21 + 22 + 23), 


respectively, and the radius of the nine-point circle is 5. 

Suppose we are given four points 2, 22, z3, z4 on the unit circle. 
Choosing three points out of these four points at a time, we obtain four 
triangles (all of which are inscribed in the unit circle). 

The center of the nine-point circle of Az2z3z4 is T1 = $(z2 + 23 + 2a), 
the center of the nine-point circle of Az, 2324 is 72 = 5(z1 + 23 + 24), 
the center of the nine-point circle of Azz224 is 73 = $(z1 + 22 + 2a), 
the center of the nine-point circle of Az, 22z3 is T% = $(z4 + z2 + 23), 
and their radii are all equal to 5. 

Consider the point 


1 
T= 5 (2 + 22 + 2% + 24). 
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Then it is immediate that 


1 
lr — | = |7 — | = [7 — 73] = |r — 74] = 5° 
Hence the nine-point circles of 
A222324, A21 2324, A21 2224, A212223, 


all pass through the point 
1 
T= 5 (21 + 22 + 23 + 24); 


in particular, the centers of the four nine-point circles are on the circle 
with center at 7 and radius 5. Let us call this circle the nine-point circle 
of the quadrangle z) 222324. 

Now, suppose we are given five points 2), 22, 23, 24, 25 on the unit cir- 
cle. Then the center of the nine-point circle of the quadrangle z2z324 zs 
is , 

fy = 5 (22 23 F254 F 25), etc., 


and the distances from these centers to the point 


1 
He = 5 (21 t+ 22 + 23 + 24 + 25) 


are 


1 
[e — bi = >? etc. 
Hence the centers of the nine-point circles of the quadrangles 
22232425, 21232425, 21222425, 21222325, 21222324 


are on the circle with the center at p = 5 (21 + 29+ 23+24+ 25) and radius 
5. Let us call this circle the nine-point circle of the pentagon z, 22232425. 
Next, suppose we are given six points 21, z2, 23, 24, 25, 26 On the unit 
circle, .... 
Thus we have an infinite sequence of theorems discovered by J. L. 
Coolidge. 
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25 The Simson Line 


We start this section with some preparatory comments about the equa- 
tion of a line. 

Given a line @, let a be the unit vector perpendicular to @, and p the 
distance from the origin to the line £2. Then for any point z on @, z — pa 
is a vector on @, and since a is a vector perpendicular to £, we have 


z— pa re ; 
is purely imaginary; 1.e., 
a 


Hence the equation of the line @ is given by 


= 2p; le., z+ kz = 2pa, 


Q |X 
QI xX! 


where p € R,k = &,.. |k| = 1. And to obtain the equation of a line 
perpendicular to @, simply replace a by ia: 


= 29 forsome gq €R; Le., 


FIGURE 2.ll 
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= 2qi; viz., z—kz = 2qia, ( = = ) , 


QI XI 


z 
a 
where the constant on the right can be adjusted to pass through a 
specific point. 

Note that a linear equation in z and Z jointly is the equation of a line 
if and only if it is self-conjugate ; viz., the relation obtained by taking the 


complex conjugate of both sides of the equation must be equivalent to 
the original equation. For example, taking the complex conjugate of 


2 + kE = 2pa (where peR, k= =), 


we obtain 
Z+kz = 2pa. 


Substituting k = z, this becomes 
kz + z = 2pak = 2pa, 
which is the original equation. Similarly, for the equation 
z—kz = 2qia (qeR, k= =). 


In particular, it is necessary (but not sufficient) that the coefficients a 
and @ of z and Z in 


azt+ Bz=y7 


have the same absolute value; i.e., |a| = |G|. It follows that equations 
such as z + Z = zor 2z — Z = 1 are not equations of lines. 
We are now ready to prove the Simson theorem. 


THEOREM 2.5.1. Given A ABC and a point D, let P, Q, R be the feet of 
the perpendiculars from the point D to the sides BC’, C'A, AB, respectively. 
Then the points P, Q, Rare collinear if and only if D is on the circumcircle 
of AABC. 


Proof. Without loss of generality, we may assume that AABC is in- 
scribed in the unit circle, and the points A, B, C’, D are represented by 
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A(Q) 


FIGURE 2.l2 
the complex numbers a, 3, y, 6, respectively. Then the equation of the 
line BC is 
z 
B 
| 


2] DIX! 


(B —¥)z — (8 — yz + (BF — By) = 0. 


Using the relations 3 = 7s 7 = 1) this can be rewritten as 


1 
= 
z+ BPyz=Bt+¥7. 
Hence the equation of the perpendicular from D(6) to the side BC is 
z— Byz = 6 — BY6. 


Therefore, the intersection P(A) of these two lines is obtained by 
solving these two equations : 


1 = 
A= 5(6 +7 + 6 — By6). 
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Similarly, Q(u), R(v) are given by 


b= s(y tat 6 ~ 708), 


v= 5(a +B +6 off). 


Now, 
A-—vV 


P(A), Q(u), R(v) are collinear <> ER. 


= 2 
However, with the notation r = |6| (hence 6 = =), we have 


A=v _ (y—a)(1 — 88) 
—-v  (y— B)(1— ad) 


($2) | (FE) 


= (a, 8; 7, 6r-?). 


Therefore, 


P,Q, Rare collinear <> (a, 3; 7,6r~?) € R 
<=> a, 3,7, dr” are cocyclic 
<=> |6r~*| = 1 


<—>r = |6| = 1. 


O 


This line is usually called the Simson line of the point D with respect 
to AABC. However, historians have searched in vain for it through the 
works of Robert Simson (1687-1768). It seems to have been published 
first by William Wallace (1768-1843) in 1797. 

We now try to find the equation of the Simson line. We keep the same 
notations as before; in particular, we assume A ABC is inscribed in the 


80 COMPLEX NUMBERS AND GEOMETRY 


unit circle, and the point D(6) is on the unit circle. Then the foot P of 
the perpendicular from D(6) to the side BC is given by 


Let us now introduce the notations 


Op=atPty, 02 = By t+ yat+ aB, 03 = ay; 


then 
as 1 ] 1 
G7 =atPBty=—tat—-=—, 
a Bp yy 93 
= 1 1 
03 = afy = ——- = —. 
; apy 93 


and 


Eliminating a from these two relations, we get 


6z—032 = ; (8 + 015-02 - =). 
This is a relation that must be satisfied by the foot P(A) of the per- 
pendicular from D(6) to the side BC’. However, since this relation 
contains 01, 02, 03 Only, and so is symmetric with respect to a, (3, +. 
It follows that this relation is also satisfied by the feet Q() and R(v) 
of the perpendiculars from D(6) to the sides C'A and AB, respectively. 
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However, this is an equation of a straight line, hence the feet P,Q, Rare 
collinear, and the equation we obtained is the equation of the Simson 
line. We have given an alternate proof to the if-part of Theorem 2.5.1. 


THEOREM 2.5.2. Let L, M, N be three points on the circumcircle of 
AABC. The necessary and sufficient condition that the Simson lines of 
the points L, M, N with respect to AABC meet at one point is 


AL + BM +CN=0 (mod 2n). 


Proof. Let the circumcircle of A ABC be the unit circle, and uj, u2, u3 
the complex numbers representing the points L, M, N, respectively. 
Then the equations of the three Simson lines under consideration are 


a 1 2 03 
UWj2— 032 = = [ Uj; Fo1u, —o2-— |, 
2 Uy 


- 1 2 03 
u2z — 032 = = | Uy +o1uU2 —02-— ], 
2 U2 


= 1 2 03 
U3Z — 032 = = | Uz + O1U3 —02—- — |}. 
Z U3 


Hence the intersection of the first two Simson lines is given by 


1 C3 
z= —=([ uy + U2 +o; + — ], 
Zz UujU2 


and that of the last two Simson lines is given by 


1 O3 
z= =(u+u3 +0, + —}. 
2 U2U3 


Therefore, the necessary and sufficient condition for these two points 
to coincide is that 03 = uju2U33 1e., aBy = u,u2U3. Since a, PB, 7, U4, 
uz, u3 are all complex numbers with absolute value 1, by setting their 
arguments as 6), 62, 63, ~1, 2, 93, respectively, we obtain 


Q(,+6.+0= 91 +s F:O3 (mod 27). 


Se COMPLEX NUMBERS AND GEOMETRY 
ae (0; = 1) + (02 = y2) 7 (03 = 3) = 0 (mod 27), 


which is the desired condition. D0 


Note that if this condition is satisfied, then the intersection is given 
by 


1 
z= (01 + 1 + up + us) 


1 
slat G+y + uj + up + us). 


By symmetry, we obtain the following 


Coro.iary 2.5.3. Let A, B, C, L, M, N be six points ona circle. Then the 
Simson lines of the points L, M, N with respect to AABC meet at a point 
if and only if the Simson lines of A, B, C' with respect to ALM N meet at 
a point. Moreover, in this case, all six Simson lines meet at the midpoint of 
the line segment joining the orthocenters of \ABC' and ALMN. 


FIGURE 21/3 
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Coro.ary 2.5.4. Let D, E, F be the midpoints of the respective sides BC, 
CA, AB of AABC, and L, M, N the feet of the perpendiculars from the 
vertices A, B, C to the opposite sides, respectively. Then the six points D, 
E, F, L, M, N are on the nine-point circle of A ABC, and the Simson 
lines of the points L, M, N with respect to ADEF meet ata point. The 
converse is also true. 


Proof. Let the circumcircle of A ABC be the unit circle, and the vertices 
A, B, C' be represented by the complex numbers a, (7, y, respectively. 
Then from our discussion of the nine-point circle, the points L, M, N 
are given by 


ay eee Ls oles Pires | 
7 1 A ’ y) O71 B ’ 9) 01 + ’ 
and the points D, E, F are given by 
(8+), S(yta), Saf) 
p, Ys y) oy Q), y) Q * 


Moreover, all six points are on the nine-point circle whose center K is 
Oo . ° 
at > and the radius is . Therefore, we have 


Ki: -3, KM: -35, KN: -£, 
KD: -3, Ke: -§, xP: -2 
Since 
2)-(-8) 8). 
2a 26 27 2 2 py a 
the condition in the theorem is satisfied. O 


2.6 Generalizations of the Simson Theorem 


We now present another proof of the Simson theorem 2.5.1 that gives a 
generalization at no extra cost. 
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THEOREM 2.6.1. Let P, Q, R be the feet of the perpendiculars from an 
arbitrary point D to the respective sides BC, CA, AB of AABC. Then 
P, Q, Rare collinear if and only if the point D is on the circumcircle of 
AABC. 


Proof. Since ZDPC = ZDRB (= 7), the points P, R, B, D are 
cocyclic. Call this circle Sg. Similarly, the points P, Q, C’, D are also 
cocyclic. Call this circle Sc. We now apply Lemma 2.3.1 for the Clifford 
theorems to Sg, AB, AC, Sc: 


The circle Sg and the line AB intersect at B and R; 
the lines AB and AC intersect at A and oo; 

the line AC and the circle Sc intersect at C and Q; 
the circles Sc and Sz intersect at D and P. 


Therefore, 


B,A,C,D_ are cocyclic <> R,oo,Q,P are cocyclic 


<=> P,Q,R are collinear 


FIGURE 2.14 
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THEOREM 2.6.2. Let P, Q, R be points on (the extensions of) the respective 
sides BC, CA, AB of A ABC. Suppose D is a point with the property that 


ZDPC = ZDQA=ZDRB (mod 7), 


where all angles are considered oriented. Then the points P, Q, R are 
collinear if and only if the point D is on the circumcircle of A ABC. 


Proof. Same as the previous theorem. O 
As a corollary, we obtain the following. 


THEOREM 2.6.3 (Aubert). Let A, A’, B, B’, C, C’, D be seven cocyclic 
points such that AA’ || BB' || CC’, and P, Q, R be the intersections of 
A’D and BC, B'D and CA, C'D and AB, respectively. Then P, Q, R 
are collinear and the line passing through those three points is parallel to 
AA’, BB’, and CC". 


Alternate Proof. Without loss of generality, we may assume that the 
circle under consideration is the unit circle. Let the points A, B, C, D 
be represented by the complex numbers a, £, +, 6, respectively. Then 


FIGURE 215 
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the equations of the parallel lines AA’, BB’, CC’ are given by 
z+kz=at ka, z+tkz=6B+k£, ztkz=y7t+hk7, 
respectively, where k is a suitable complex number with |k| = 1. It 
follows that the points A’, B’, C’ are given by complex numbers ka, kf, 
ky, respectively. Hence the intersection P of the lines BC and A’D 
must be the solution of the system of simultaneous equations 
z+ Byz=GBry, 2+ bkaz=6+ ka. 

-. (By — kéa)z = B+7-—6- ka. 
Multiplying both sides by a, we get 

(aBy — k6)Z = aB + ya — da — k. 

Using the notations 
m=atBty, = Pyt+yatas, 03 = afr, 

the last equality can be rewritten as 


(03 — k6)2 = 02 — > — ba —k. 


Taking the complex conjugate and multiplying both sides by kéo3, we 
get 


(k6 — 03)z = 0,ké — kéa — “2s — 036. 
It follows from the last two equalities that 
(k6 — 03)(z + kZ) = k? + 01 k6 — ok — 036. 
This is a relation that the point P must satisfy. But this relation is 
symmetric with respect to a, 3, y, and so the points Q and R also satisfy 


this relation. On the other hand, this is an equation of a line parallel to 
AA’, BB', CC’ (provided ké — 03 # 0). Hence, the points P, Q, Rare 
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collinear and the line passing through these three points is parallel to 
AA’, BB’,CC’. 
In the case where ké = o3, we have 


BC||A'D, CA||B'D, ABI C'D, 


and so the points P, Q, R all coincide with the point at infinity, and the 
conclusion is trivially true. O 


In concluding this section, we present another infinite sequence of 
theorems. But first we start from the case of four points. 


THEOREM 2.6.4. Let A; A2A3A4 be a quadrangle inscribed in a circle, and 
P an arbitrary point on the circumcircle. Then the feet D,, Dz, D3, Dg of 
the perpendiculars from P to the Simson lines of P with respect to 


AA2A3Ax4, AA; A3Aa, AA, A2Ag, AA; A2A3 


are collinear. This line is called the Simson line of the point P with respect 
to the quadrangle A; Az A3A4. 


Proof. Without loss of generality, we may assume that the circumcircle 
of the quadrangle A; A2A3 Az is the unit circle, and the complex num- 
bers uj, u2, U3, u4, and u represent the points A;, Az, A3, Ag, and P, 
respectively. Then the equation of the Simson line of the point P(u) 
with respect to A.A2A3Azq is 


UZ — U2U3ZU4Z 


1 U2U3U 
= 5 {wv + (u2 + u3 + u4)u — (u3U4 + Uguz + U2U3) — tT. 


Hence the equation of the perpendicular from P(w) to this Simson line 
is 


eo U2U3U4 
UZ + U2UZU4Z = i 


Therefore, the intersection D, of these two lines is given by 


1 U2UzZU 
2uz = 5 {3 + (uz + uz + u4)u — (uzu4 + Ugu2 + U2U3) + ae | 
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FIGURE 216 


Using the notations 


O1 = Uy + U2 + U3 FT Ua, 


O2 = UjU2 + UjU3 + UU + U2QU3 F U2U4 + UZU4, 


03 = U2U3U4 + U{UZU4 + UZU2U4 + U{U2U3, 


04 = UjU2U3Z U4, 


the last relation can be rewritten as 


& 
N 
lI 


oO 
, — {30 + (0; — u,)u? — (02 — oyu +uz)u + =e 
1 


AiR 


eo 
{u + o,u? — ou) — (uu? — ojuju + uju) + “| , 
1 
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Taking the complex conjugate of both sides, and using the relations 


O01; = —, 23 


’ A ’ 


_ w 3 C3 oO? 1 C3 1 Uj 
ag is ee rae = gen Vee 
4 ue-—s oau2 = og uu? o4uyu usu O4 


1 30 C. O3uU  o4u 
O42 = — ot ee ecasu = ee ye + uu’ : 
4 U U4 U4 ur 


Therefore, 


1 30. 
uz t+ O4z = Z { (30 + oyu —o2uU +03 + =2t 
Uu 


os os 
+ Uu oyu — ur -—on += -— 
UU; 
1 30 
= i { (30 + au? ~ oa +05 + 8) 
U 


== (uj — oyu; + onus — 03U, + x} ; 


Since wu, iS a root of 


u* — ou? + anu” — o3u + 04 = O, 
we obtain 


30 
(3u +o;u —outoz+ ~2s 
u 


This is a relation satisfied by D,;. However, by symmetry, it must also 
be satisfied by D2, D3, D4. On the other hand, this is an equation of a 
straight line. Hence, the points D,, D2, D3, D4 are collinear. O 
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Now, suppose there is a pentagon inscribed in a circle, and a point P 
on the circumcircle, ... 


2.7 The Cantor Theorems 
Again we start from the following simple case. 


THEOREM 2.7.1 (M. B. Cantor). The three perpendiculars from the mid- 
points of the sides of a triangle to the tangents to the circumcircle at the 
opposite vertices meet at the center of the nine-point circle of the triangle. 


Proof. Without loss of generality, we may assume that AA; A>4A3 is 
inscribed in the unit circle. Recall that the equation of the line passing 
through the points a and ( on the unit circle is given by 


z+aSz=art Zp. 


Since the tangent to the unit circle at the point a is the particular case 
when a and £ coincide, the equation of the tangent at a is 


z+a°Z = 2a. 


FIGURE 217 
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Let Ai, Az, A3 be represented by the complex numbers w, uz, us, 
respectively. Then the equation of the tangent at A, is 


z+uez = 2u. 


Hence the equation of the perpendicular from the midpoint M, — > = ) 
of the side Az A; to this tangent line is 


1 
z—-wz= 5 {(uz + u3) — uj(t2 + U3)}. 


Substituting the center $(u; + u2 + u3) of the nine-point circle of 
A\A;A?2As3 into the left-hand side of this equation, we get 


1 
5 { (uj + uz. + u3) — us(a + UW + a3) } 


7 ; {(uz + u3) — uj (U2 + U3)} (wrt = 1), 


which coincides with the right-hand side of the equation. Therefore, the 
center of the nine-point circle satisfies the equation of the perpendicular 
from M, to the tangent at A;. Similarly, the center of the nine-point 
circle is on the perpendiculars from M) and M3; to the tangents at the 
respective opposite vertices. O 


THEOREM 2.7.2 (M. B. Cantor). Let n points be given on a circle. From 
the centroid of n — 1 of these points, drop a perpendicular to the tangent 
to the circle at the remaining point. Then these n perpendiculars meet at a 
point. 


Proof. The proof is practically the same as the previous one. Let 
U1,U2,..-,Un be n points on the unit circle. Then the equation of the 
tangent at w; is z + u?7Z = 2uj, hence the equation of the perpendicular 
from the centroid 


_ (91 — 1) 
~ fue + us + + Un) = ar 


(o; =uytu2t+-:-+Un), 


of the points u2, u3,..., uy, to this tangent is 
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1 
z— uz = —— { (uz + ug +--+ + Un) — uj (tia + Ts +--+ + End} 
nm 


1 


n—-1 


{(oy — uy) — ui (Gy — u)} 


(oj — utd}). 


n—1 
It is obvious that the point 


O71 
n—1 


Sg ta a) 


satisfies this equation. O 


We now embark on yet another infinite sequence of theorems discov- 
ered by M. B. Cantor (1829-1920). 


THEOREM 2.7.3. Let Aj, Az, A3, A4, Pi, P, be six cocyclic points. Then 
the four intersections of the four pairs of Simson lines of the points P,; and 
P, with respect to 


AA2A3Aa, AA; A3Az, AA; A2Aa, AA, A2As3, 


are collinear. This line is called the Cantor line of the pair of pcints P, and 
P, with respect to the quadrangle A, A2A3A4. 


Proof. Without loss of generality, we may assume that all of these six 
points are on the unit circle, and that they are represented by complex 
numbers v1, U2, U3, U4 and ¢, tz, respectively. Then the equations of the 
Simson lines of the points P; (¢;) and of P)(t2) with respect to AA2A3A,4 
are given by 


t) Zz — Uu2Uu3zUg4Zz 
1 U2UZU 
= 5 u + (uz + u3 + ug)t; — (ugu4g + ugu2 + u2U3) — ae | ; 


loz — U2UZU4Z 
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FIGURE 218 


1 U2U3ZU 
= 5) 1! + (u2 + u3z + ug )t2 — (u3 U4 + U4Uu2 + U2U3) — ad : 


Hence their intersection is given by 


R 


1 
= 5 {ttt + (t+ uy +04) + 


U2U3U4 
,) ‘ 


tit 


Setting 


Oo, = uy + u2 + U3 + U4, 


O27 = uju2 + ujzU3 + UzU4 + U2U3Z + U2U4 + UZU4, 


03 = U2U3U4 + UL UZU4 + ULU2U4 + UYU2U3, 


04 = U1{U2U3U4, 
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the above relation can be rewritten as 


un ee ee Fe ee 
z=- O1 — ; 
or ee a ae 


and so 


_ 1/1 1 03 1 ty tou 
z=n-<¢—t+—+—-—- — + — >. 
w) ty t O4 U1 O04 


Eliminating uw; from the last two relations, we get 
_ 1 
tjf2z + 04z = 5 c + t2)tit2 + o1titz + 03 + 


o4(t; + 2) | 


t)t> 


This is a relation that must be satisfied by the intersection of the Simson 
line of P,; and that of P) with respect to AA2A3A4. However, this 
relation is symmetric with respect to wu, u2, u3, ug, and hence is satisfied 
by the intersections of the pairs of the Simson lines of P; and P) with 
respect to AA;A3A4, AA;A2Aq, AA;A2A3. On the other hand, this 
relation is the equation of a line. Therefore, these four intersections 
are collinear. O 


THEOREM 2.7.4. Let Aj, Az, A3, Ag, Pi, Po, P3 be seven cocyclic points. 
Then the three Cantor lines of the three pairs of points P, and P3, P; and 
P;, P,; and P, with respect to the quadrangle A, Az2A3A4 meet at a point. 
This point is called the Cantor point of the triple of points P\, P2, P3 with 
respect to the quadrangle A, Az A3A4. 


Proof. As before, let the circle under consideration be the unit circle, 
and uj, U2, U3, U4, £1, t2, t3 the complex numbers representing the points 
Ay, Az, A3, A4, Pi, Po, Ps, respectively. Then the equations of the 
Cantor lines of the pairs of points P) and P;, P; and P, with respect 
to the quadrangle A; A2A3Az, are given by 


1 o4(t2 +t 
tot3z2 +oqz = = (t2 + t3)tot3 + ojtot3 +03 + CAG) : 
2 t>t3 
1 o4(t3 +t 
t3t)z + 04z = 5) 1 + t;)t3t; + ojt3t; + 03 + ee rt 
341 
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Hence their intersection is given by 


an Dae eer ho 
a om O1 — . 
7 a aa a eae oar 


However, this expression is symmetric with respect to t;, t2, t3, and 
hence the Cantor line of the pair of points P; and P, with respect to the 
quadrangle A; A 2A3Ay, also passes through this point. Thus this point 
must be the Cantor point of the triple of points P,, P,, P; with respect 
to the quadrangle A; Az A3 Aq. O 


THEOREM 2.7.5. Let A;, Ao, A3, Ag, As, Pi, Po, Ps, be eight cocyclic 
points. Then the five Cantor points of the triple of points P;, P2, P3 with 
respect to the quadrangles 


AzA3A4As5, AjA3A4A5, AjA2A4A5, AjA2A3A5, A; A2A3A4 


are collinear. This line is called the Cantor line of the triple of points P,, 
P>, P3 with respect to the pentagon A, Az A3A4As. 


Proof. As before, let the circle under consideration be the unit circle, 
and uj, U2, U3, U4, Us, ti, t2, tz the complex numbers representing the 
points A;, Az, A3, Ag, As, Pi, Po, Ps, respectively. Then the Cantor 
point of the triple of points P,, P,, P; with respect to the the quadrangle 
A2A3A4As5 1S given by 


U2U3ZU4US \ 


1 
z2=—<t, tho thy tu + uy tug tus — 
xt 2 3 2 3 4 5 ty tots 


Setting 


0, = UY + U2 + U3 + Ug + US, 
O2 = UjU2 + ULU3 + UjU4 + ULUS + U2U3 
+ Uu2U4 + U2US + U3ZU4 + UZU5 + U4Us, 
03 = UjU2U3 + ULU2Ug HF ULU2QUS + ULU3ZU4 + ULUZUS5 


+ Uj UgUs + U2UZU4 + U2U3ZU5 + U2U4US + UZU4US, 
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O4 = U2UZU4US + Uj{UZU4US + UL U2U4UsS + Uj U2U3ZUs5 + Uj, U2UZU4, 


O5 = Uj, U2U3ZU4Us, 


the above relation can be rewritten as 


oy very mera Pe u = 
z=> Oo, — Uy — , 
Dy 2 eee ae 


—+—+—+— —- — — 
ti i) t3 Os Uy, 05 


2 


Xl 


1 1 1 1 04 1 sie | 


Eliminating wu; from these two relations, we get 


t)tot3z — 052 


ay XG + ty + ty)titot3 + oti tots — 04 — os(tats + tati + tite) aod 
2 t tot; 
This is a relation that must be satisfied by the Cantor point of the 
triple of points P;, P), P; with respect to the quadrangle A2A3A4As. 
However, this relation is symmetric with respect to A;, Az, A3, Ag, As, 
and hence must also be satisfied by the Cantor points of the triple P;, P), 
P3 with respect to the quadrangles A;A3A4A5, A;A2Aq4As, Aj A2A3As, 
A, A2 A3Aq4. On the other hand, this is an equation ofa line. Hence these 
five Cantor points must be collinear. O 


Now, suppose we have nine cocyclic points A;, Az, A3, A4, As, Pi, Po, 
P3, Py, then... 


28 The Feuerbach Theorem 


Let H be the orthocenter of AABC. Noting that the nine-point circle of 
A ABC is also the nine-point circle of AH BC, AHCA, and AHAB, 
the following theorem of 1822 attributed to K. W. Feuerbach (1800- 
1834), a high-school teacher in Erlangen, Germany, is truly remarkable. 


THEOREM 2.8.1 (Feuerbach). The nine-point circle of a triangle is tangent 
to the incircle and the three excircles. (See Figure 2.19.) 
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FIGURE 2.19 


Proof. Without loss of generality, we may assume that AABC is in- 
scribed in the unit circle. To avoid the cumbersome square root signs, let 
us assume that the vertices A, B, Care represented by complex numbers 
a’, b*, c, respectively. 

The (interior) angle bisector at the vertex A passes through the mid- 


point of BC, which does not contain the vertex A, while the exterior 


angle bisector at the vertex A passes through the midpoint of BC, which 
contains the vertex A. Let the latter be bc, then the former must be 


—be. Similarly, let the midpoint of C'A, which contains the vertex B 
be ca and that of C'A, which does not contain the vertex B be —ca; 
and the midpoint of AB, which contains the vertex C' be ab and that of 


CA, which does not contain the vertex C' be —ab. (Note that this can 
always be achieved by changing the sign(s) of a, b, or c if necessary. For 
example, suppose A, B, C are situated counterclockwise on the unit 
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circle with A at the point z = 1. Choose a, b, c such thata = —1, 
0 < argb < am, —a < argc < 0.) Then the equations of the three 
(interior) angle bisectors are 


z —a’bcz = a’ — be, 


z —ab’cz = b* — ca, 


z —abc’z = c — ab, 


respectively. Solving a system of simultaneous equations obtained by 
choosing any two of these three equations, we get 


z = —(bc + ca + ab). 
As usual, if we denote 
0, =atbrte, 02 = be +ca+t+ab, 03 = abc, 


then the intersection is z = —o 2. Clearly, this also satisfies the re- 
maining equation (by symmetry). We have shown that the three angle 
bisectors of a triangle meet at a point; this point is called the incenter of 
the triangle. 

But [: -02 = —bc—ca—abis also the orthocenter of the triangle with 
vertices at —bc, —ca, —ab. In hindsight, this is obvious if we compare the 
equation of the (interior) angle bisector at the vertex A with that of the 
line joining the points —ab and —ca: 


z+ a*bcz = —ca — ab. 


This is also true for the other two angle bisectors. 
Similar observation tells us that the excenters I4, Ip, Ic are the 
orthocenters of the triangles with vertices at 


—bc, ab, ca; 
—ca, bc, ab; 
—ab, ca, be; 
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respectively. Since all these triangles are inscribed in the unit circle, we 
have 

I, : —bc + ab+ca, 

Ip : —ca+ be + ab, 

Ig : -—ab+ca + be. 


We now compute the distance d between the incenter J and the center 
of the nine-point circle of AABC. 


1 
= 5 (a° +0? +c?)+0 


1 
5 |a? +0 +e + 2(be + ca + ab)| 


G102 


1 
5 \(a+ b+ c)’| = x 7101 = = Dox : 


We know the radius of the nine-point circle is s. Let us compute the 
radius r of the incircle. The equation of the line BC is 


z+VeZ=b +c’, 


and so the equation of the perpendicular from the incenter I[(—o2) to 
BC is 


bco 
z-b'Cz = 0, + BCS) = —a) + —. 
a 


Hence the foot of this perpendicular is given by 
r= 5(¥+e-o + St) 
2 a 
It follows that the radius r of the incircle is 


1 bco 
mare 2+ 1) on 
2 a 


Ja(b* +c’) + aoz + bc9;| 


oe 
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ll 
| 
Q 
Q 

tN 
| 
Q 
es 


where we used the fact |a| = 1 = |o3]. It is simple to verify that d < 3, 
therefore, we get 


which shows that the nine-point circle and the incircle are tangent to 
each other internally. 

To prove that the nine-point circle is tangent to the excircle I, say, 
we have merely to replace a by —a and repeat the above argument. O 


Alternate Proof. In the proof which appeared in P. J. Davis’s The Schwarz 
Function and its Applications {Mathematical Association of America, 
Washington, D.C., 1974, pp.16-18], the unit circle is taken not as the 
circumcircle, but as the incircle of AABC. Let the points of tangency of 
the three sides BC’, CA, AB with the unit circle be a, (3, 7, respectively. 


FIGURE 2.20 
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Then the equations of these three sides are 
Des = eis je 
z+a‘°z = 2a, z+ Pz = 28, z+yz = 2y. 


Solving the systems of simultaneous equations consisting of two of 
these three equations, we obtain that the vertices A, B, C' are given by 
the complex numbers 


2B B: 27a C: 2a3 


A: : 
B++¥ y+a 


a+ 


Therefore, the midpoint L of the side BC is 


a ( 2. 2 )- See 


yta atB (y + a)(a t+ BB +7) 
_ (02 + By\(o2 — BY) _ 93 — (1 
0102 — 03 0102 — 03 
a 03 


7 0102 — 03 7 a’*(o102 — 03)’ 
where 
o=at+Pty, 02 = BPyt+yatap, 03 = afy. 


Similarly, the midpoints M, N of the sides C'A, AB are 


«3 0%  G 04 
"0102-03 f?(o102 — 03)’ "0102-03 (0102 — 03) 


2 
Let K be the point represented by ae then clearly 
192 — 3 


KL=KM=KN= 


loio2 — 03] 
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so K must be the center of the nine-point circle, and the radius is 
1/|o102 — o3|. Hence the equation of the nine-point circle is 


_ 1 


03 
|o102 3 o3|” 


0192 — G3 


1.€3, 


03 es oY 
z2— —————_ ]|z - ———_-_ = | ————_ 
0102 — 93 0192 — G3 01902 — 93 


where we have used the relations 


= 2 _ oO oa 1 
Cy = 5 Cp. = = 5 G3. = ers 
03 03 03 


Rewriting the last equation, we get 


2 2s 
_ O7z O42 0102 + 03 
a a se =o 8) 
0102 —03 0102-03 0102 — 03 


Solving the system of simultaneous equations consisting of the last 
equation (the equation of the nine-point circle) and the equation of the 
incircle zz = 1, we obtain 


of" — 201022 + os = (); 


(a1z — a2) = 0. 


It follows that if 7, # 0, then the system of equations of the two circles 
has a double root, which means that these two circles are tangent to each 
other. If o, = 0, then the triangle is equilateral (see exercise 1.35), and 
the incircle and the nine-point circle coincide. 

The above computation is valid without change even if two of a, 3, 7 
are on the extensions of the respective sides (i.e., considering the unit 
circle as an excircle), hence our proof is complete. 0 
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29 The Morley Theorem 


The following theorem discovered by Frank Morley (1860-1934) around 
the turn of this century certainly qualifies as one of the most beautiful 
theorems in mathematics. 


THEOREM 2.9.1 (Morley). The intersections of the adjacent pairs of angle 
trisectors of an arbitrary triangle are the vertices of an equilateral triangle. 


V 


FIGURE eel 


Before we start a proof of this theorem, we need the following 


LEMMA 2.9.2. Suppose t}, t2, t3, t4 are points on the unit circle. Then (the 
extensions of) the chords joining the points t,, tz, and ts, t4 meet at 


t; + to —t3 a 
LE 
tyt2 — t3t4 


Proof. We know the equations of the lines passing through the points 
t; and t2, and that of t3 and t, are 


z+ t)t2z = t; + to, ot igh? = 13-7 14; 
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respectively. Hence the intersection of these two lines is 
ty + ty —t3 — ty 
th bi 
O 


Proof of the theorem. — Without loss of generality, we may assume that 
AABC'is inscribed in the unit circle, and that vertex A is at point 1. Let 


ZAOB = 347 (o<1<F), 


LAOC = 38 (-F <s<o), 


ZBOC = 3a (a= F+6-7>0). 


Then the arguments of the points trisecting BC' (not containing the 
point A) are 
2 
aty=BtWts, 


and 


2a + 3y = 28+ 4 = 


FIGURE e2.ce 
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Therefore, if we set the points trisecting AB and AC to be c, c’, and b, 


b*, respectively, then B, C are c and b’, and the points trisecting BC 
are given by bc’w and b*cw*, where w* tw +1 = 0. 

Let P(A), Q(u), R(v) be the intersections of the adjacent trisectors 
of the angles at B and C, C and A, A and B, respectively. Then, by the 
lemma, 


7 b-2 +073 —b 3 — ce? - b32 +b —c — be 


aa = a aa b—c 
b — c)(b? + be + c*) — be(b? — 
= CHI te Fe) Hel) =P tbe +e) — bold + 0), 
eee ee a ae) Ver wee 
ae =) ee bu — 1 
c(b’ — 1) — b(b* —w 
= Oy aw elt? + ba? + 0) — +}, 
ye Lt bic wt = bt =e _ beh tow 8 ~b 
b-le-2yy-1 ~ b-le-3 7 cw2 — 1 
| — we 
ie seat eal Ce Nc Cee eee Cee 
w*(c — w) 


 Atuptoury = 0 + be+ 2 — bc — be’ 
+ bc + bow? + cw — b* — bu” 
+ be? + bew + bw? — 2 — cw 


= 0), 


and so we are done. 

It is well known that if the (interior) angle trisectors are replaced by 
the exterior angle trisectors, then the conclusion of the Morley theorem 
is still valid. How can the proof be modified to cover such a case? For 
this purpose, first observe that the interior and exterior angle trisectors 
form an angle of } between them. Since the central angle is twice 
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exterior exterior 
3 3 
conjugate 


(e,e,e) 


FIGURE 2.c3 


the inscribed angle, P (which was the intersection of the lines passing 
through b°, c’, and c’, b”) becomes the intersection of the lines through 
b>, c’w, and c’, b’w*; Q (which was the intersection of the lines passing 
through b°, c, and 1, b?cw*) becomes the intersection of the lines through 
b>, cw’, and 1, b*c; while R (which was the intersection of the lines 
passing through c’, b, and 1, bc*w) becomes the intersection of the lines 
through c’, bw, and 1, bc’. 

But this amounts merely to replacing b by bw, and c by cw” in the 
original proof, and the original computation is clearly valid under this 
transformation! So the case of trisecting the exterior angles is estab- 
lished with no extra cost. 

But are there any other valid transformations? To pursue this ques- 
tion, let us introduce the transformations: 


T,(b) = bw, T,(c) =c; T.(b) = 6b, T(c) = cw; 
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Bic’) be 
b’ 2 
(1) 
C(b’) b 
Bic’) » b 
Cc 
cM A(1) b’co 
C(b’) : 
co 
FIGURE 2.24 


i.e., ZT, changes 6 to bw but keeps c unchanged, while T, keeps b un- 
changed but changes c to cw. For example, 


T)T2(b) = bw, = TT? (c) = cw”. 


Thus, the case of trisecting the exterior angles becomes simply applying 
the transformation 7,72 (= T27;). But it is obvious that the original 
proof is valid under other transformations, say T7?T, (= T-T?). What 
is the geometric meaning of applying the transformation T?7;; i.e., 
replacing b by bw’, and c by cw? It is easy to see this is precisely the 
case of replacing all the interior angle trisectors by the conjugate angle 
trisectors. So the conclusion of the Morley theorem is valid in this 
case too. 

Since T? = the identity transformation = T?, we have the following 
9 cases, where (2, e,c), for example, indicates taking the interior, exte- 
rior, conjugate angle trisectors at the vertices A, B, C, respectively. 
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FIGURE 2.25 


Actually, we can do more. In the above 9 cases, we have fixed each 
of the three vertices of the triangle invariant, but all we need is to keep 
the triangle itself invariant. Hence, we introduce the transformation S: 


S(b) =, S(c) = b. 


In other words, S switches the roles of b and c. The transformation S 
may not have any effect on the trisectors at the vertices B and C (they 
simply switch roles only), but it does replace the interior angle trisectors 
with conjugate angle trisectors at the vertex A. Since S* = the identity 
transformation, again we have 9 cases—listed in the following table. 
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For example, 
ST,(b) = cw, ST,(c) = b; 


ST?T.(b) = cw*, STPT.(c) = bw, 


which result in the types (2, 2, c) and (2, e, e), respectively. 
Summing up, we have : 


(1) one permutation for each of (2, 72,2), (e, e, €), (c, ¢, C); 
(2) 6 permutations of (2, e, c); 


(3) 3 permutations for each of (2, e, e), (e, c, c), (c, 2,2). 


Hence the total of 18 equilateral triangles with 7 different types. 


(c,i,i) (€,1,e) 


(c,e,C) 


FIGURE 2.2c6 
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(c,C,C) 


FIGURE 2.27 


The missing types such as (2,c,c), (e,7,2), (c,e,e) do not result in 
equilateral triangles. 

It is interesting to note that to construct these 18 equilateral triangles, 
we need to draw 18 angle trisectors, and each of these 18 trisectors 
passes through exactly 3 vertices (of the 18 equilateral triangles), and 
each of these 27 vertices is used exactly twice. 


Exercises 


1. (a) On each side of an arbitrary quadrangle, draw a square exter- 
nally. Show that the two line segments joining the centers of 
the opposite squares are perpendicular to each other and of 
the same length. 


(b) Discuss the case in which the squares are drawn internally. 


(c) What if one of the sides of a given quadrangle degenerates to 
a point? 


2. (a) On each side of an arbitrary parallelogram draw a square ex- 
ternally. Show that their centers form the vertices of a square. 


Applications to Geometry lil 


(b) What if the squares are drawn internally? 


3. (a) Suppose there are constants a,b € C, a # 0, satisfying 
Wr = az, +b (k = 1, 2,3). 


Show that Az,2223 ~ Aw)u2w3. 
(b) Is the converse true? 
(c) Interpret the condition geometrically. 
4. (a) Show that Az,z2z3 ~ Aw ,w2w; if and only if there are con- 
stants a, G,y € C, not all zero, such that 


azjy+Bz2+7z3 =0, aw, t+Bu2t+yu3=0, atGt+y=0. 


(b) What if Az,)2223 ~ Aw,u2w3 (reversed)? 


(c) Suppose four points z}, z2, z3, z4 satisfy 
zy +12. — 23-174 = 0. 


What can be said about the quadrangle z, 222324? 


5. (a) (W. H. Echols) Suppose AABC and AA’ B’C’ are equilateral 
triangles with the same orientation. Show that the midpoints of 
the segments AA’, BB’, CC’ are the vertices of an equilateral 
triangle. 


(b) What if the ‘midpoints’ in (a) are replaced by points that divide 
AA’, BB', CC" into a fixed ratio, say m : n? 


(c) What if AABC ~ AA’B’'C’ instead of ‘equilateral’? 


6. (a) (W. H. Echols) Suppose AABC,, ADEF, AGHI are equilat- 
eral with the same orientation. Let P, Q, R be the centroids 
of AADG, ABEH, ACFI, respectively. Show that APQR is 
equilateral. 


(b) What if ‘equilateral’ in (a) is replaced by ‘similar’? 


li2 


10. 


11. 


12. 
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(c) What if ‘centroids’ are replaced by ‘the points with the same 
barycentric coordinates in the respective triangle’? 


. (J. Petersen—P. H. Schoute) Suppose AABC’ ~ AA,B,C; and 


AAA\A2 ~ ABB, By ~ ACCC). Show that 


AA? B,C, ~ AABC. 


. Let A’, B’, C’ be the points that divide the sides BC, CA, AB ofa 


triangle ABC into a fixed ratio, say m : n. Show that 
AA'B'C’ ~ AABC 
if and only if either AABC is equilateral (in this case m : n is 


arbitrary), or m:n = 1: 1 (in this case the shape of AABC is 
arbitrary). 


. Given a triangle ABC, draw external squares ABDE and ACFG 


on the sides AB and AC, respectively. 


(a) Let M be the midpoint of the third side BC’. Show that 


EGLAM and EG = 2AM. 


(b) Let H be the foot of the perpendicular from the vertex A to the 
side BC’. Show that the extension of AH bisects EG. 


On the sides AB, BC of an arbitrary parallelogram ABCD, exter- 
nal equilateral triangles AEB and BFC are constructed. Show that 
ADE F 1s equilateral. 


On each of the two opposite sides of an arbitrary quadrangle draw 
an external equilateral triangle, and on each of the remaining oppo- 
site sides draw an internal equilateral triangle. Show that the four 
new vertices are the vertices of a parallelogram. 


(a) Show that the Napoleon theorem is still valid even if the ‘exter- 
nal’ equilateral triangles are replaced by ‘internal’ equilateral 
triangles. 
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(b) 


13. (a) 


(b) 


14. (a) 


(b) 
15. (a) 


(b) 


16. (a) 


(b) 


Show that the internal and external Napoleon triangles have 
the same centroid. 


On the sides of an arbitrary triangle, construct equilateral tri- 
angles so that two of them lie externally while the remaining 
one lies internally. Show that the centroid of the internal 
equilateral triangle and the two new vertices of the external 
equilateral triangles form an isosceles triangle with one of the 


21 
angles equal to = 


Show that the conclusion remains valid even if we interchange 
the roles of ‘internal(ly)’ and ‘external(ly)’. 


On the sides of an arbitrary triangle ABC, construct equilateral 
triangles LBC’, MC'A, NAB externally. Show that LA, MB, 
NC are the same length, meet at a point, and that the angles 


of intersection are =. 
What if the equilateral triangles are constructed internally? 


Construct a triangle, given the three points which are the cen- 
ters of squares drawn externally on the sides of the desired 
triangle. 


Construct a triangle, given the three points which are the new 
vertices of equilateral triangles drawn externally on the sides of 
the desired triangle. 


Construct similar triangles P;A3A2, A3P)A;, A2A1,P 3 on the 
sides of a given AA; A2A3, and let G;, G2, G3 be the centroids 
of those three similar triangles. Show that AG,G2G3 isa fourth 
similar triangle. This generalizes the Napoleon theorem. Ac- 
tually, we can generalize further by replacing ‘centroids’ with 
‘points with the same barycentric coordinates in the respective 
similar triangles’. (Note, from the order in which we named the 
vertices of the similar triangles, that the vertices P,, P), P; are 
not corresponding vertices of these triangles.) 


Let AQ, A3A2, AA3Q2 A}, AA2A1Q3 be the reflections of the 
three similar triangles in (a) with respect to the sides A2A3, 
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A3A}, A; A2, respectively, and G}, G4, G4 the centroids of those 
similar triangles. Show that the centroids of AG,G2G3 and 
AG,G,G, coincide if and only if AP, A3A2, AQ; A3 Aa, etc., 
are equilateral. 


17. Fix one vertex at (0, a) in the (z, y)-plane, and move another vertex 
along the x-axis; show that the locus of the third vertex (z, y) of an 
equilateral triangle consists of two straight lines y + a = +V3z. 


18. Given two lines @ and m, and a point A not on £ nor on m, construct 
an equilateral triangle ABC so that the vertex B is on the line 2, 
while the vertex C is on the line m. How many solutions are there? 


19. One of the following two ‘solutions’ to the example at the end of 
§2.1 is wrong. Which one? State your reason. 


(a) Trigonometric Solution. Introduce the notations as in Figure 
2.28. Then 


FIGURE 2.c8 
= ¢sing, 
ee V3 I x 
b = ésin (5-9) = t( Peoso- ssn) 
— Ccos6 — —. 


a. 2 
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1 
“, £cos@ = —=(a + 2b). 
ao 


4 
P =a + (a + 2b)° = 3 (a° + ab +b’). 
Area = Boat + ab + b’). 


(b) Slick Solution. Suppose f(a, b) gives the desired area. Con- 
sideration of dimensions allows us to write 


f(a, b) = pa” + qab + rb’, 


where p, q, r are coefficients to be determined. If & and 3 
coincide, then b = 0 and we have 


az 
f(a, 0) = V3 rey | a 


By symmetry, we have r = p = —. 
If a = b, then 


f(a, a) = V3a? = (= + ‘) o ove Ze. 


V3 3 
Therefore, 
f(a,b) = (0 + ab + b’). 
b=0 =H. 


a=0 
FIGURE 2.29 


iG 
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20. (a) Given three concentric circles, construct an equilateral triangle 


having one vertex on each of the three given concentric circles. 
How many solutions are there? 


(b) Find the areas of these equilateral triangles in terms of the radii 
of the concentric circles. 
Hint: Let three concentric circles be |z| = a, |z| = b, |z| = c. 
Fix a vertex at z = a, and let another vertex be z = be’’. Then the 
third vertex z ‘must’ satisfy the equation 


z + be?w + aw* = 0; ie., z= —w(aw + be’). 


If |z| = c, this gives a? — 2abcos(+ =) +b? = c*. This means 
that if we construct a triangle with three sides a, b, c, then the angle 
opposite the side with length cis 6 + = This leads us to the following 
construction. (A reader should carry out the detail and discuss 
when the construction is possible.) 


FIGURE 230 


21. Derive the law of cosines from the Ptolemy theorem 2.2.1 by inscrib- 


ing a trapezoid in a circle. 


22. (a) Let AABC be an equilateral triangle. For any point P on 


the circumcircle, show that the length of the longest segment 
among PA, PB, PC is equal to the sum of the lengths of the 
remaining two shorter ones. 
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23. 


24. 


25. 


26. 


Zi. 


(b) Suppose a point P is on AD of the circumcircle of a square 
ABCD, show that 


PB(PB+ PD) = PC(PA+ PC). 


(c) Let ABCDE be a regular pentagon. For any point P on the 
circumcircle, show that the sum of the lengths of the longest 
segment and two shortest ones among PA, PB, PC, PD, PE 
is equal to the sum of the lengths of the remaining two. 


Given four points A, B, C’, D on a circle, show that the two feet of 
the perpendiculars from A, B to the line CD, and the two feet of 
the perpendiculars from C, D to the line AB are cocyclic. 


For any a # 0, show that 


are cocyclic. 


(a) Given four points A, B, C, D, let A’, B’, C’, D’ denote the cen- 
troids of the triangles BCD, ACD, ABD, ABC, respectively. 
Show that A’, B’, C’, D’ are cocyclic if and only if A, B, C, D 
are cocyclic. 


(b) What if ‘centroids’ is replaced by ‘orthocenters’? By ‘centers of 
the nine-point circles’? 


(a) Given AABC and points P, Q, R on (the extensions of) the 
sides BC, C'A, AB, respectively, show that the circumcircles of 
AAQR, ABRP, AC'PQ meet at a point. 


(b) Given a quadrangle ABC'D and points P, Q, R, S on (the 
extensions of) the sides AB, BC’, CD, DA, so that these four 
points are cocyclic, show that the four new intersections of the 
neighboring circumcircles of AAPS, ABQP, ACRQ, ADSR 
are cocyclic. 


(a) Give an example of four circles, any three of which meet at a 
point without all four of them meeting at a point. 


28. 


29: 
30. 


31. 


32. 


33. 


34, 


35. 
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(b) Show that if any three of five circles meet at a point, then all 
five of them meet at a point. 


Let D be an arbitrary point on the circumcircle of AABC and JA’, 
B', C’ the second intersection of the circumcircle and the perpen- 
diculars from the point D to the sides BC, C'A, AB, respectively. 
Show that AA’, BB’, CC’ are parallel to the Simson line of the 
point D with respect to AABC. 


Verify that the equation of the Simson line is self-conjugate. 


(J. Steiner) Prove that the Simson line of a point on the circumcir- 
cle of AABC bisects the line segment joining that point and the 
orthocenter of AABC. Prove also that this intersection is on the 
nine-point circle of AABC. 


Let D be an arbitrary point on the circumcircle of AABC, and P, 
Q, R the feet of the perpendiculars from D to the sides BC, CA, 
AB, respectively. Show that 


= the diameter of the circumcircle. 


Given a quadrangle inscribed in a circle, show that the four Simson 
lines of a vertex with respect to the triangle formed by the remaining 
three vertices meet at one point, the center of the nine-point circle 
of the quadrangle. 


Show that the Simson lines of any two diametrically opposite points 
on the circumcircle of A ABC are perpendicular to each other and 
meet on the nine-point circle of AABC. 


Let D be an arbitrary point on the circumcircle of AABC, and 
EF a chord perpendicular to the Simson line of D with respect to 
AABC. Show that the Simson lines of the points D, E, F with 
respect to AABC meet at a point. 


Given AABC and a point D, let L, M, N be the reflections of the 
point D with respect to the sides BC, C'A, AB, respectively. Show 
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36. 


are 


38. 


39. 


40. 


41. 


that the points L, M, N are collinear if and only if the point D 
is on the circumcircle of A ABC; and in this case the line passing 
through the points L, M, N also passes through the orthocenter H 
of AABC, and is parallel to the Simson line of D with respect to 
AABC. 


Hint: ALBC ~ ADBC (reversed). 


(M. B. Cantor) Given n points on a circle, from the centroids of 
n — 2 of these n points drop the perpendiculars to the lines joining 
the remaining two points. Show that these (5) perpendiculars meet 
at a point. 


Given AABC with ZABC = 4, let A’, B’, C’ be the intersections 
of the angle bisectors at the vertices A, B, C with the respective 
opposite sides. Show that ZA’B’'C" = 5. 


Let R and r be the circumradius and the in-radius of A ABC, and 
d the distance between the centers of these two circles. Show that 


d = R(R-2r). 
Consequently, R > 2r. 


Find the smallest group containing the transformations 7), 7, and 
S in the proof of the Morley theorem 2.9.1. How many elements 
are there in the group? 


(a) (B. Pascal) Let A, B, C, D, E, F be six arbitrary points on a 
circle, and P, Q, R be the intersections of (the extensions of) 
the ‘opposite sides’ AB and DE, BC and EF, C'D and FA, 
respectively. Show that the points P, Q, R are collinear. This 
line is called the Pascal line of the six points A, B, C, D, E, F. 


(b 


A 


Since these points may be labelled in any order, by changing 
the labelling, we obtain a different Pascal line (for the same six 
points). How many Pascal lines are possible for the same six 
points on a circle? 


(a) Let AABC be an arbitrary triangle, and P, Q, R be the inter- 
sections of the tangent lines to the circumcircle at the vertices 


l20 


(b) 


(Cc) 
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with the extensions of the respective opposite sides. Show that 
the points P, Q, R are collinear. 


Let ABC'D be a quadrangle inscribed in a circle, P, Q, the 
intersections of (the extensions of) AB and C'D, AC and BD, 
respectively, and R, S the intersections of the tangent lines to 
the circumcircle at A and at D, and at B and at C, respectively. 
Show that the points P, Q, R, S are collinear. 


Given a point on a circle, draw the line tangent to the circle at 
the given point using only a straightedge. 


CHAPTER 3 
Mobius Transformations 


3.1 Stereographic Projection 


So far complex numbers have been represented by points on a plane. It 
is often useful to consider them as points on a sphere as well. 

Consider a sphere of unit diameter tangent to the complex plane at 
the origin. In terms of rectangular coordinates (€,7, ¢), the equation of 


FIGURE 31 


Iel 
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ee 1\2 fn 2 
sewe(e-t) =) 

For each point z = x + zy on the complex plane, the line segment 
joining the point to the north pole N(0, 0, 1) meets the sphere at a 
unique point (other than the north pole). Conversely, for any point on 
the sphere other than the north pole, the extension of the line segment 
joining the point to the north pole meets the complex plane at a unique 
point. Thus we have a one-to-one correspondence between the complex 
plane and the Riemann sphere with the north pole deleted. To remove 
this exception, we add an ideal point, called the point at infinity (denoted 
oo), to the complex plane C, and let it correspond to the north pole N. 
This extended complex plane will be denoted by C; thus, C = CU {oo}. 

Suppose z = x + iy € C corresponds to the point (£,7, ¢) on the 
Riemann sphere, then, considering similar triangles, we get 


the sphere is 


Conversely, solving ¢, €, 7 in terms of z, y, and z, we get 


ez L n z+z 
1+ zl? 21 + |z|#)’ 
a y a Z= 2 
TT 4+ [22 240 + zl)’ 
2 
az 
bx |z| ; 
1 + |z| 


To find the image of a circle (or a line) on the plane to the Riemann 
sphere, we substitute these relations into the equation of a circle (a line 
if A = 0) in the plane 


A(z? + y*) + Br + Cy+ D =O, 
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(where A, B,C, D € Rand B? + C? > 4AD). We get a linear equation 
AC + BE+ Cyn + D1—6) =0. 


Note that the condition that this plane actually intersects the Riemann 
sphere is: 
5(A—D)+D 


/ B2 + C2 +(A-— D/ 


which is precisely the condition B? + C* > 4AD that the original 
equation on the complex plane actually gives a circle. Moreover, if 
A = 0, then the north pole N(0, 0, 1) satisfies the equation of a plane. 
Since the intersection of a plane and a sphere is a circle, we obtain the 
first half of the following 


1 
a) 
= 


THEOREM 3.1.1. Circles and straight lines on the plane are mapped to 
circles on the sphere. Straight lines are mapped to circles through the north 
pole. Conversely, circles on the sphere are mapped into circles and straight 
lines in the plane. 


Proof. ‘To prove the converse, we observe that a circle on the sphere is 
the intersection of the sphere with a plane 


AE + Bn +C¢C+D =), 
satisfying 


$C +D 
VA* + B2+C? 


< ie, A? +B? >4D(C + D) 


1 
2’ 


to ensure actual intersection. In terms of z, y, this equation takes the 
form 


(C + D)(x? + y*) + Ax + By + D=0. 


If C + D # 0, then the equation represents a circle; and if C + D = 0 
(i.e., when the circle on the sphere passes through the north pole), then 
the equation represents a straight line. O 
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In particular, this justifies that any two lines on the plane intersect at 
the point at infinity. Another important property of the stereographic 
projection is the following. 


THEOREM 3.1.2. The stereographic projection is angle-preserving. 


Proof. Without loss of generality, we may assume that two intersecting 
curves in the plane are straight lines. Now two straight lines in the 
plane intersecting at the point (zo, yo) map into two circles on the sphere 
intersecting at the point (£0, 7, Co) and the north pole, and these circles 
make the same angle with each other at their two intersections. If two 
lines on the plane are 


A\jx + Byyt+C, = 0, Anz + Boy + C2 = 0, 
then their stereographic images are on the planes 
AyE + Bin +Ci(1 — ¢) = 0, AxrE + Bon + Cr(1 — ¢) = 0, 


respectively. The tangents to the corresponding circles at the north pole 
are the intersections of these planes with the plane ¢ = 1; 1e., their 
equations are 


AE+Bin=0, C=1;  Ak+Bn=0, C= 1, 


respectively. It is obvious that the angle between the two lines on the 
complex plane is the same as the angle between two tangent lines at the 
north pole (since the plane ¢ = 1 is parallel to the complex plane). O 


Note that, strictly speaking, we need to prove that a curve’s property 
of having a tangent is preserved under the stereographic projection, but 
that would involve calculus. 


3.¢ Mobius Transformations 


We now discuss elementary but useful functions known as Mobuus trans- 
formations (linear fractional transformations, bilinear transformations, 
homographic transformations, eic.), but first an observation. 
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To study the behaviors of a real-valued function of a real variable, 
we use the (z,y)-plane to draw its graph (x for the variable and y 
for the function)—it enhances our visual understanding and intuition, 
but this can not be done with complex-valued functions of a complex 
variable—we would need a four-dimensional space (two dimensions for 
the variable z and two dimensions for the function w), which is beyond 
our physical world. So, to study a complex-valued function of a complex 
variable, we uSe, instead, two sheets of complex planes, the z-plane for 
the variable z, and the w-plane for the function w. This is not as ideal 
as in the case of a real-valued function of a real variable, but this is the 
best we can manage. 

Mobius transformations are defined by special rational functions of 
the form 


az+ 
yz 6" 


a 


Wo 1 2 = ~ 6 


= a5 fy #0. 


The condition aé — Gy # 0 ensures that JT is not a constant. Mobius 
transformations are defined everywhere in the z-plane except at z = 


6 oh ne , 
—-—, and its inverse transformation 
Y 


dw — 
2= 7" w= acl 
—ywta 

6 —£ a £B ‘ ae 
(note that oy | = | y 6 | x 0) is also a Mobius transformation 
and it indicates that every point in the w-plane has a (unique) pre-image 
except w = <<. It is advantageous to eliminate these exceptions by 

a 


considering Mobius transformations as mappings from the Riemann 
sphere onto itself by defining the image of z = -*° tobe w = oo, and 
y 


the pre-image of w = = to be z = oo. Noting that the inverse of a 
Y 


Mobius transformation is single-valued, this extension of the definition 
of Mobius transformations allows us to conclude that Mobius trans- 
formations are bijective (one-to-one, onto) mappings of the extended 
complex plane C onto itself. 

The identity mapping is clearly a Mobius transformation (@ = y = 0, 
a = 6). Moreover, a composition of Mobius transformations is a 
Mobius transformation; i.e., if we map the z-plane onto the w ,-plane 
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by 
2 _azt+ ZB a £6 
Te + 8? y 5 | #0 
and map the w-plane onto the w-plane by 
_ _ avy +b a b 
ease c 1 | Fo 


then the result is a Mobius transformation of the z-plane onto the w- 
plane given by 


_ (aa + by)z + (a8 + 65) 


ea (ca + dy)z + (c3 + dé)’ 
with 
aat+by aB+bd|)_|;a b}] }a@ PB £0 
cat+dy ci +dé c d y 6 


Similarly, the associativity can be verified. We have established the 
following. 


THEOREM 3.2.1. The set M of all Mobius transformations forms a group; 
namely, the following four postulates are satisfied. 


(a) Forany two T,S € M, their product (composition) T'S is defined, and 

is an element of M; i.e, TS € M. 

(b) M has an element I, called the identity, with the property that 
TI=I1T=T  forevey TeM. 


(c) For every element T € M, there corresponds an element T—! € M, 
called the inverse of T, with the property that 


TT '=T'UT =I. 
(d) The associative law holds in M; for any T, S, U € M, 


(TS)U = T(SU). 
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The expression for a product of Mobius transformations reminds us 
of matrices. If we write the Mobius transformations JT and S above as 


_f{[a B _fa b 
ra(5 5) eo(e a): 


st= (cor? oes 


then 
catdy cB+dé }’ 
viz., this notation coincides with the matrix operation, or rather a group 
of all 2 x 2 invertible matrices is homomorphic to the group of all Mobius 
transformations. 
A subset of a group is called a subgroup if it is a group in itself (under 


the same group operation). Here are some examples of subgroups of 
the Mobius group M: 


EXAMPLE. The set of all translations 
w=Tz=2z+b (for some constant b € C). 
EXAMPLE. The set of all dilations 


w=Tz=az (for some nonzero constant a € C). 


Actually, this subgroup contains two important subgroups: 


(a) Magnifications: 
w=Tz=az (where a is a positive constant). 


This is just magnifying (or contracting) by the factor a. 
(b) Rotations: 


w=Tz=kz (where |k| = 1). 
This is just a rotation around the origin by the argument of k. Note 


that magnifications and rotations are commutative and every dilation is 
a product of a magnification and a rotation. 
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EXAMPLE. ‘The subset of M consisting of the identity and the recipro- 
cation: 


(only) is also a subgroup. 
Now let us decompose the rational function defining the Mobius 
transformation 


az+ 


WwW = —— ; 
vz+6 


a 6 
, 5 [#2 


into partial fractions. There are two possibilities: 
(a) If y = 0, then 6 # 0, and we have 


a 
a 
6 


(b) If y # 0, then 


_azt+B _a (ad — BY)/Y 


yzt+té  ¥ yz+6 


It follows that a Mobius transformation is a product of dilations, trans- 
lations and a reciprocation. 

It is obvious that translations and dilations map lines to lines and 
circles to circles. This is not true for the reciprocation. However, it 
does keep the family of all straight lines and circles invariant. Suppose 


A(x? +y’)+ Br+Cy+D=0 (B*+C*>4AD), 


or rather 
azz +bz+bz+c=0 (\b|* > ac), 


where a = A andc = D are real, and b = 5(B + iC’) complex, is an 
arbitrary circle (line if@ = 0) in the plane. Performing the reciprocation 
w= , we get 

a+ bw +bw +cww =0, 


which is an equation of the same type. We obtained the following. 
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THEOREM 3.2.2. Mobius transformations map the family of all circles and 
straight lines in the plane to itself. 


As in Chapter 2, straight lines will be considered as particular cases of 
circles. 


3.3. Cross Ratios 


A Mobius transformation is completely determined by the ratios among 
its coefficients, hence given three conditions we might be able to find a 
Mobius transformation that satisfies these conditions. In particular, a 
circle is determined by three points, thus it might be possible to find a 
Mobius transformation that maps a given circle in the z-plane onto a 
given circle in the w-plane. 

Let us start from the following observation. Suppose 


aw+b  az+f 
cwtd yztd° 


Solving w in terms of z, we obtain w as a Mobius transformation of z; 
moreover, if the numerator on one side vanishes, then the numerator 
on the other side must also vanish, and the denominators are related 
analogously. Therefore, if a Mobius transformation maps 2, 22, 23 to 
W1, W2, W3, respectively, then we can write 


W — W2 xz — £2 


=k 


WwW — wW3 Z— 23° 


where the constant k is to be determined. Regardless of the value of k, 
the Mobius transformation determined by this equality maps z2 and z3 
to w2 and w3, respectively. Thus, it remains to choose k in such a way 
that z; corresponds to w;; namely, 


W1 — W2 Z1 — 2 


=k 


WW, — W3 21 — 23 


Solving for k from the last equality and substituting it into the one above 
(equivalently, eliminating & from these two equalities by dividing), we 
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W — W2 W1—-—W2 _ 27-22 21 — 22 
w—wu3/ wi—w3 z-23/ 2-23. 


This gives the Mobius transformation that maps 21, 22, z3 to w1, W2, w3, 
respectively. Now, if this Mobius transformation also maps 29 to wo, 
then we must have 


Wo — W2 W1 — W2 _ 20 — 22 eo 29 
Wo — W3 W1 — W3 20 — 23 21 — 23° 


(wo, W1; W2,wW3) = (Zo, 213 22, 23). 


get 


that is, 


We have established the following. 


THEOREM 3.3.1. The cross ratio is invariant under Mobius transforma- 
tions. 


CorOLiary 3.3.2. There exists a Mobius transformation that maps zo, 21, 
22, 23 tO Wo, W}, W2, W3, respectively, if and only if 


(wo,W1; W2,W3) = (2, 213 22, 23). 


‘To render this theorem valid in full generality, we extend the definition 
of the cross ratio for the case when one of the points is co by simply 
dropping the factors that involve this point. For example, if z9 = oo, 


then 
21 — 23 


(20, 215 22, 23) °= er 


This is quite natural if we observe that 


. z&— £2 21 — 22 
21; 22, 23) 2-23 Ces mre 


il 

— 
| | 
|S ]s | 
fe 
NTX& 
— — 
| | | 
NTX& 
nN [wo 
Ne” 
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z—2 
ee (as z— > oo). 
21 — 22 


It follows that we can always find the Mobius transformation that 
carries three given points z1, z2, z3 € C to three preassigned distinct 
points w), w2, w3 € C by simply letting 


W — W2 W1 — W2 _ &— &2 21 — 22 
w—w3/ wi—U3 z—-23/ 2-23 


and solving this equation for w. Since the correspondence z; © w;, 
(j = 1,2,3) completely determines the Mobius transformation, we 
obtain the desired Mobius transformation. 

Since a circle is determined by three points on it, and a Mobius 
transformation maps a ‘circle’ to a ‘circle’, we can thus find Mobius 
transformations that map a given circle in the z-plane to a given circle in 
the w-plane. Moreover, three distinct arbitrary points on the first circle 
can be mapped to three distinct arbitrary points on the second circle. 


EXAMPLE. Four points zg, 21, 22, 23 are cocyclic (or collinear) if and 
only if their cross ratio (20, 213 22, 23) 1s real. 


Solution. Of course this is Corollary 2.2.2, and we have used it on 
several occasions already, but here is an alternate solution. Four points 
are cocyclic (or collinear) if and only if there is a Mobius transformation 
that maps these points to points on the real axis. Since the cross ratio 
of four real numbers is real, by the theorem we are done. 


THEOREM 3.3.3. A Mobius transformation is a conformal mapping; i.e., a 
Mobius transformation preserves the angle (its size as well as its orientation) 
between two intersecting curves. 


Proof. Without loss of generality, we may assume that the two intersect- 
ing curves are circles. Let z;, z2 be the intersections of these two circles. 
Choose arbitrary points z3 and z4 on each of the circles, then 


23—- 21 24 — 2] 
23 —- 22 24 — 22 


£22232] — £27242}. 


are(23, 243 21,22) = 


| 
eu) 
= 
ge 
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FIGURE 3.2 


Let z3 and z,4 tend to z, along the respective circles, then the right- 
hand side becomes the angle between the two intersecting circles, by 
Corollary A.2.4. (A reader who is not familiar with the elementary 
geometry may imitate the argument in the next section.) But the cross 
ratio is invariant under a Mobius transformation, and hence we obtain 
the desired result. O 


Suppose a circle C in the z-plane is mapped to a circle C” in the 
w-plane by a Mobius transformation 7’. The circle C' divides the z-plane 
into two regions A, and Ag, while the circle C’ divides the w-plane into 
two regions A; and A,. We may join any two points z; and z2 in A, by 
a circular arc @ (or a line segment) not intersecting the circle C’. Then 
the image of @ under the Mobius transformation T is a circular arc (or a 
line segment) that joins the images of z; and 22, and is not intersecting 
the circle C’. It follows that the images of z; and z2 are either both 
in A; or both in A,. The same holds for two arbitrary points in Ap. 
Since a Mobius transformation is biyective, if for some z € Aj, its image 
Tz € Aj, then the image of A; under 7’ must be the whole A‘; while if 
Tz € A,, then the image of A; under T must be the whole Aj. 

Now consider a circle C’ and one of its radii. Their images under a 
Mobius transformation T are a circle C’ and a circular arc intersecting 
at a right angle. Since a Mobius transformation preserves also the 
orientations of angles, we see immediately that if the interior of the 
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FIGURE 3.3 


circle C' is mapped to that of the circle C’ by a Mobius transformation 
T, then as a point z moves counterclockwise on the circle C, its image w 
also moves counterclockwise on the circle C’. On the other hand, if the 
interior of the circle C is mapped to the exterior of the circle C’, then 
as a point z moves counterclockwise on the circle C, its image w moves 
clockwise on the circle C’. 

Conversely, if a point z and its image w under a Mobius transforma- 
tion T move on the respective circles with the same orientation, then T 
maps the interior of the circle C to that of the circle C’; while if z and 
w move with the opposite orientation, then T maps the interior of C' to 
the exterior of C”. 

It is more convenient to adopt the following convention: Consider 
a circle (or a curve) as an onented curve (usually, by its parametric 
equation), then as a point moves on the circle (closed curve), the region 
one sees ‘to the left’ is the interior, by definition. With this convention, 
a Mobius transformation always maps the interior (of a circle) to the 
interior (of a circle). 


3.4 The Symmetry Principle 


Let circles with centers at A and B intersect at a right angle. Suppose a 
ray from A intersects the circle B at P and Q. 

Let T be one of the two intersections of the circles A and B (Our 
argument works regardless of which one of the two intersections is 
chosen as T—also only minor modifications are needed if the roles of 
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P and Q are interchanged), and T'S a diameter of the circle B. Then 


ZAQT = ZPST = 5—-4PTS = ATP. -, AATP ~ AAQT. 
(Note that, in this chapter, we no longer insist that two triangles have 
the same orientation when we say they are similar.) It follows that 


AP:AT=AT:AQ; |. AP-AQ=AT =r’, 


where r is the radius of the circle A. In particular, the point Q depends 
on the circle B only in the sense that the circle B is orthogonal to the 
circle A and passes through the point P. But there are infinitely many 
such circles. 

Two points P and Q are said to be symmetric to (or the inversion of) 
each other with respect to a circle A, if both P and Q are on a ray from 
(the center of the circle) A and AP - AQ = r’, where r is the radius of 
the circle A. 

The center of the circle and the point at infinity are symmetric to 
each other, while a point on the circle is symmetric to itself. If a circle 
degenerates to a line, then two points are symmetric to each other if and 
only if they are reflections of each other with respect to the line. 

Our discussion above gives the first half of the following 


Lemma 3.4.1. [fa circle B is orthogonal to a circle A and passes through a 
point P, then it must also pass through the point Q symmetric to the point 
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P with respect to the circle A. Conversely, if a circle B passes through a 
pair of points P and Q symmetric to each other with respect to a circle A, 
then the circles A and B are orthogonal to each other. 


Proof. The proof of the converse is obtained merely by reversing the 
argument above. With notations as above, by assumption, we have 


AP-AQ=AT’: ie, AP:AT=AT: AO. 
-, AATP ~ AAOQT. 


Therefore, 
LATP = LAQT = ZPST = 5 — ZPTS. -, ZATB = 5. O 


THEOREM 3.4.2 (The Symmetry Principle). 4A Mobius transformation pre- 
serves symmetry. 


Proof. Suppose a pair of points P, Q are symmetric with respect to a 
circle A, and a Mobius transformation T maps the points P, Q and the 
circle A to the points P’, Q’ and the circle A’, respectively. We want to 
show that P’, Q’ are symmetric with respect to the circle A’. 

Let B’ be an arbitrary circle passing through the point P’ and orthog- 
onal to the circle A’. Then its pre-image T'—!B’ is a circle orthogonal to 
the circle A (since T’—! is a Mébius transformation, hence is conformal) 
and passes through the point T-'P’ = P. By the previous lemma, 
the circle T~!B’ must also pass through the point Q. It follows that 
the circle B’ must pass through the point Q’, which implies that Q’ is 
symmetric to P’ with respect to A’. 0 


ExaMpLe. A MObius transformation that maps the unit circle |z| = 1 
onto the unit circle |w| = 1 must be of the form 


(|k| = 1, lal # 1). 


Solution. Suppose a (|a| # 1, a@ # oo) is the point that is being 
mapped to w = 0, then its symmetric image + (with respect to the unit 
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circle) must be mapped to w = oo. 


Vara © ! yaaa & 


-w=k' 
Since |w| = 1 when |z| = 1, taking z = 1, we obtain 


*| = Jk. 


l—a 


If a = 00, we have w = £, |k| = 1. Conversely, if 


yeas, © ! 


= k| =1 1 

w=ko—S, (kl = 1, ol #0), 
then, for |z| = 1, 

- z-a|_|z(z-a)|_ |l-az 

le l—a@z| | 1-—az -|-= 


Thus the Mobius transformations so obtained satisfy the condition. The 
interior of the unit circle in the z-plane is mapped to the interior or 
exterior of the unit circle in the w-plane, depending on whether |a| < 1 
or ja| > 1. 

ExampLe. A Mobius transformation that maps the real axis in the z- 
plane to the unit circle |w| = 1 in the w-plane must be of the form 


zZ—p 
=k k| =1 R). 
a (ki = 1, »éR) 


Solution. The points on the z-plane corresponding to w = 0, co have 
to be symmetric with respect to the real axis; 1.e., they are the complex 
conjugates of each other. Therefore, 


=k“, (wR). 
z— ph 


€ 
| 


When z is real, |2—* 


1, and w has to be on the unit circle; ie., 


z— ph 
|w| = 1, and so we get |k| = 1. Conversely, Mobius transformations 
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of the above form clearly satisfy the desired condition. The upper half 
2-plane is mapped to the interior or exterior of the unit circle |w| = 1 
in the w-plane depends on whether Sy > 0 or Sp < 0. 


3.5 A Pair of Circles 


We have seen already that an arbitrary circle in the z-plane can be 
mapped to a preassigned circle in the w-plane by a Mobius transforma- 
tion. But how about a pair of circles? Can we always map an arbitrary 
pair of circles C; and C2 in the z-plane to a preassigned pair of circles Cj 
and C’, in the w-plane by a Mobius transformation? It is apparent that 
if C; and C} intersect at angle 0, then C’, and C, must also intersect 
at angle 0, since a Mobius transformation is conformal. But if this 
condition is satisfied, can we guarantee the existence of such a Mobius 
transformation? 

The answer turns out to be affirmative. To establish this assertion, it is 
sufficient to prove that an arbitrary pair of circles C and C} intersecting 
at angle 0 can be mapped by a Mobius transformation to the real axis 
and the line xsin@ — ycos@ = 0. (Why is this sufficient?) However, 
this is easy to accomplish: Simply map one of the intersections of C, 
and C to the point at infinity, then the images of C; and C2 are two 
lines intersecting at angle 6. Now translate the intersection of these two 
lines to the origin, rotate by an appropriate angle, and we are done. 

In the above argument, we have assumed that 0 ~ 0 (mod 7). (Where 
did we use this assumption?) So, what if the pair of circles C;, and C2 
are tangent to each other? We claim that an arbitrary pair of mutually 
tangent circles C; and C2 can be mapped by a Mobius transformation 
to a preassigned pair of mutually tangent circles C; and C,. Again, it 
is sufficient to prove that an arbitrary pair of mutually tangent circles 
C; and C2 can be mapped by a Mobius transformation to the pair of 
parallel lines y = 0 and y = 1. Again this is easy to accomplish: Simply 
map the point of tangency of these two circles to the point at infinity, 
then the images of circles C; and C2 become a pair of parallel lines. Now 
a translation and a dilation (i.e., a rotation followed by a magnification) 
will accomplish our purpose. 

It remains to consider the case of a pair of nonintersecting circles. 
We claim that a nonintersecting pair of circles can always be mapped by 
a Mobius transformation to a pair of concentric circles. To see this, first 
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choose a point on one of the circles, say C2, and map the point to the 
point at infinity. Then the images of C’', and C2 become a circle and a 
line not intersecting each other. Call the circle K, and the line 2. Let m 
be the line passing through the center of the circle K and perpendicular 
to the line 2, and H the intersection of the lines 2 and m. Note that the 
intersection H is outside the circle K. Draw a circle S with center at 
H and orthogonal to the circle K. (This can be done by choosing the 
radius to be the length of the tangent from H to the circle K.) Finally, 
map one (either one will do) of the intersections of the circle S and the 
line m to the point at infinity. Then the images of the circle K and the 
line £ are a pair of circles both orthogonal to the images of the circle S 
and of the line m. But the images of the circle S and the line m are a 
pair of orthogonal lines. Hence the images of the circle K and the line 
£ must be a pair of concentric circles. 

Note carefully: it is not true that an arbitrary nonintersecting pair 
of circles can be mapped to a preassigned pair of concentric circles. 
Given a pair of nonintersecting circles, the ratio of the radii of a pair 
of concentric circles that the given pair of circles can be mapped to is 
intrinsic, over which we have no influence. 


ExampLe. Let D = {z € C; |z| < 1} be the closed unit disc, and D’ 
is another closed disc inside D. (In particular, the boundary circles of 
D and D’ do not intersect.) We want to show that there is a Mobius 
transformation that maps the closed unit disc D onto itself, and maps 
the disc D’ to a disc {w € C; |w| < r} with a suitable radius r. 
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Following I. J. Schoenberg (1903-1991) [Mathematical Time Exposures, 
Mathematical Association of America, Washington, D.C., 1982, pp. 
188-189], we compute as follows: 

By a suitable rotation if necessary, we may assume, without loss of 
generality, that the center of D’ is on the real axis, and 


[a,b] = D'N{z EC; Sz = O} 


is a diameter of D’. If a + b = O, then we have nothing to prove, so 
without loss of generality, we may assume that a+b > 0. (Actually, even 
if a+b < 0, our argument below is valid with only minor modifications.) 

Recalling an example in the previous section, and considering that 
two discs in the z-plane and their images in the w-plane are all symmet- 
ric with respect to the real axis, we try a Mobius transformation of the 


form 
z—-a 


w= 
1— az’ 


where a is some suitable real number to be determined. Since all the 
coefficients are real, this MObius transformation maps the real axis to 
itself. Moreover, —1 and 1 are two fixed points of this Mobius transfor- 
mation. Since a Mobius transformation is conformal, and the boundary 
circles of the discs D and D’ intersect the real axis orthogonally, it is 
sufficient to show that we can find a suitable real number a such that a 
and b are mapped to —r and r, where r is a real number. This means 
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that 
a-—-a b-—a 


l—-aa 1l—ab_ 
should have real roots. Rewriting the last equation, we get 


2(1 + ab 
aw — ab) | 


+1=0. 
a+b 


Computing ({ of) its discriminant 


1+ab\’ 1— a2 —b? + a2b2 
fa a ee 
a+b (a + b)? 


2 2 
ee (- -l<a<b< 1), 
we see that the equation has real roots. Moreover, from the signs of the 
coefficients, we see that both roots are positive. Since the product of 
the two roots is 1 (and a = 1 is not a root by our assumption that the 
boundary circles of D and D’ do not intersect), we conclude that one 
of the roots is between 0 and 1, and the other is greater than 1. Choose 
the root between 0 and 1 as our a, and we are done. 

Remarks. (a) Actually, either choice will do if we merely want to 
map the two boundary circles to a pair of concentric circles; our choice 
is influenced by the desire to map the smaller circle to a smaller circle. 


(b) Even if D’ > D(ie., a < —1, b > 1) our argument is valid with only 
minor modifications. 


THEOREM 3.5.1 (J. Steiner). Let C, C” be two circles in the plane, one 
inside the other, say, C’ inside C. Draw a circle K, tangent to C internally, 
and to C" externally. Next draw a circle K> tangent to C internally, to 
C" and Kk, externally. Continue this process to get a chain of circles 
K 1, K2,..., Ky (n > 3), where each circle Kk, is tangent to C internally, 
to C", Kj-1, Kj41 externally (2 <j < n-— 1). Ifit so happens that K,, 
is tangent to K, (and, of course, to C, C’ as well as K,,_1), then this will 
also happen regardless of the choice of the position of the initial circle K,. 


Proof. This is obvious when we map the circles C and C’ to two con- 
centric circles via a Mobius transformation. O 
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FIGURE 3.7 


Remark. Steiner gave a formula that relates the radii r, r’ of the circles 
C’, C’, the distance d between their centers, and n, for the case when a 
chain of n circles can be inscribed to be tangent to each other: 


\ om = glN2s / Z a 
d° =(r—r’)° —4rr tan (=). 


3.66 Pencils of Circles 


Given two circles C; and C}, the set of all circles orthogonal to C; and 
C2 1s called the pencil of circles conjugate to C; and C}. 

Consider first the case of two intersecting circles C and C2 in the 
z-plane. By the discussions in the previous section, we may map C; and 
C2, by a Mobius transformation to two lines that intersect at the origin 
in the w-plane. Since a circle is orthogonal to a pair of intersecting lines 
if and only if its center is at the intersection of the two lines, the pencil of 
circles conjugate to the pair of circles C; and C2 must be mapped to the 
set of all concentric circles with the center at w = 0. For every point in 
the extended w-plane, other than the origin and the point at infinity, 
there is one and only one concentric circle in the pencil that passes 
through the point. The origin and the point at infinity are called the 
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limiting points of the pencil. In terms of the original configuration in the 
z-plane, this means that exactly one circle in the pencil passes through 
every point of the extended z-plane, other than the intersections of the 
circles C; and C2, and no two of these circles in the pencil intersect each 
other. Pencils of this type are called hyperbolic pencils of circles. 

We now consider the case of two circles C; and C, that do not 
intersect each other. In this case we can map this pair of circles by a 
Mobius transformation to a pair of concentric circles having the origin 
of the w-plane as their center. But a ‘circle’ is orthogonal to a pair of 
concentric circles if and only if it is a line passing through the center 
of the concentric circles. Therefore, the image of the pencil of circles 
conjugate to C'; and C2 must be the set of all ‘circles’ passing through the 
origin and the point at infinity in the w-plane. In terms of the original 
configuration in the z-plane, this means that there are two points such 
that the circles through those two points are the only ones that are 
orthogonal to the two given circles C; and C2. Those two points are 
the only pair of points that are symmetric to each other with respect to 
both C and C,. They are called the common points of the pencil. A 
pencil of circles consisting of all the circles passing through two fixed 
points is called an elliptic pencil of circles (Figure 3.8). 

Finally, we consider the case that two given circles C, and C? in the 
z-plane are tangent to each other. In this case we can map C; and C? to 
a pair of parallel lines in the w-plane. A ‘circle’ is orthogonal to a pair 
of parallel lines if and only if it is a line orthogonal to the pair of parallel 
lines. So the original pencil of circles conjugate to C; and C2 must be 
mapped by a Mobius transformation to a set of all lines orthogonal 
to the pair of parallel lines. In terms of the original configuration in 
the z-plane, this means that through every point other than the point 
of tangency of the circles C; and C2, there is one and only one circle 
passing through the point and it is orthogonal to the circles C; and C2 
at their point of tangency. Circles in this pencil have one common point 
where they are tangent to each other. This type of pencil is called a 
parabolic pencil of circles (Figure 3.8). 

Clearly, the type of pencil is invariant under a Mobius transformation. 
Since the pencil of concentric circles having the origin as their center is 
orthogonal to the pencil of lines passing through the origin, we see that 
a hyperbolic pencil of circles may be orthogonal to an elliptic pencil 
of circles. If two pencils of circles have the property that every circle 
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of one pencil is orthogonal to every circle of the other pencil, then 
they are called the conjugate pencil of circles. Thus every hyperbolic 
pencil of circles has exactly one conjugate pencil, which turns out to be 
elliptic; and conversely, every elliptic pencil has exactly one conjugate 
pencil, which turns out to be hyperbolic. Parabolic pencils can be paired 
into conjugate pairs. In particular, given two arbitrary circles, there 
is a unique pencil of circles containing both of them; this pencil is 
hyperbolic, parabolic, or elliptic, depending on whether the given two 
circles have 0, 1, or 2 intersections. 


3.7 Fixed Points and the Classification 
of Mobius Transformations 


A point 2 Is said to be a fixed point of a transformation T if Tz = 2. 
A fixed point of a Mobius transformation 


az+b 
czt+d 


must satisfy the equation 


cz? + (d—a)z—b=0. 
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Since this is a quadratic equation in z, if a Mobius transformation T has 
3 (or more) fixed points, then all the coefficients must vanish; i.e., 


c= 0, d—a=Q, b= 0, 
and so T is the identity transformation. In what follows, we shall exclude 


this case. 


(a) Ifc = 0,a —d = 0, then T is a translation 
w=Tz=z+k (k= 2), 


and so the point at infinity is the unique fixed point of T. If c = 0, 
a —d #0, then T is of the form 


w=T2=(§)2+(5), 


and T' has two fixed points _-~ and the point at infinity. In this case, if 
—a 
we set 


then we have 


that ts, 
T=S (Us. 


where Uz = <2 is a dilation. 
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(b) Ifc 4 0, D # 0 (where D = (d — a)* + 4bc is the discriminant), 
then T has two distinct fixed points 


a—d+VJD a=ad=V/D 
= ——_____., and B= ———__.. 
2c LC 
In this case, if we set 
| mao 8 ! 
C= 
2 aay 
then we have 
w—Qa eee O ! 
—k 
way £3 
that is, 
S(Tz) = Sw = k(Sz). ey teen eo 
where 


Since 7’ maps z = a to w = a, we may write 


1 h 
= + k, 
W—-a youn 2 


for suitable constants h and k. Substituting z = oo, w = *,and z = 0, 
Cc 


b R 
w=-, we obtain 


Therefore, if we set 
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then 


1 1 2c = V(S2); 


Tz)= mt 
at w-a z-a atd 
that is, 

Tas VS. 


where Vz = z + kis a translation. 

Two Mobius transformations 7; and T> are said to be similar if there 
is a third Mobius transformation S such that T, = $~!7,S. 

We have established the following. 


THEOREM 3.7.1. Let 
az+b 


w=-iz=- —_— 
czt+td 


be a Mobius transformation and D = (a — d)* + 4bc. 
(a) Caseec = 0. If D = 0, then the point at infinity is the unique fixed 
point of T, and T can be written in the normal form: 


b 
= + ok , 
w=ztk (: 3) 


If D # 0, then T has two distinct fixed points, y = —- and the point at 
—- a 
infinity, and T can be written in the normal form: 


a 
w—-y=k(z-7) (k= =). 
(b) Casec #0. If D #0, then T has two distinct fixed points 


a—-d+VJ/D 


a—d—VJ/D 
2c 


ae 2c 


and T can be written in the normal form 


a—-Bc at+d+vVJ/D 


w-a z-a (: a—ac te | 
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If D = 0, then T has a unique fixed point a = ae and T can be written 
in the normal form 


Lees, («= 5). 
w-a z-a at+d 


In other words, 


(a) a Mobius transformation T has two fixed points if and only if D # 0, 
and in this case, T is similar to a dilation; while 


(b) 7 has a unique fixed point if and only if D = 0, and in this case, T 
is similar to a translation. 


Remark. Suppose U;z = kz, Ujz = kz are two dilations, then U; 
and U> are similar if and only if the multipliers k; and kz are either 
equal to or are the reciprocals of each other; i.e., either kj} = ky, or 
ky = _ However, since a translation w = z + k can be rewritten as 


2 
|) = (=) + 1, every translation is similar to the translation w = z+ 1 
(via a dilation); in other words, any two translations are similar to each 
other. 


Suppose 
_ azt+b 


ez +d 


is a Mobius transformation with D = (d— a)? + 4bc # 0. Then there is 
a Mobius transformation S with the property that 


Sw = S(Tz) = U(Sz); Le; W = UZ, 


where W = Sw, Z = Sz, and UZ = kZ is a dilation. If k > 0 
(but k # 1), then we say the Mobius transformation T is hyperbolic; 
if |k| = 1 (again k # 1), then we say T is elliptic; while all other cases 
are loxodromic. 

If T is hyperbolic, then U maps each line passing through the origin 
in the Z-plane to itself, while mapping a circle with center at the origin 
to another such circle. In terms of the circles in the original z-plane and 
w-plane, this means that each circle in the (elliptic) pencil P of circles 


148 COMPLEX NUMBERS AND GEOMETRY 


passing through two fixed points of J is mapped to itself, while every 
circle in the conjugate (hyperbolic) pencil Q of circles having two fixed 
points of T as its limiting points is mapped to another circle in the same 
pencil of circles. In particular, an Apollonius circle 


Re 


z—B 


=h, 


where a and @ are the fixed points of T, and h is a constant, is mapped 
to another Apollonius circle 


= hk. 


bo: 


w— p 


If T is elliptic, then U is a rotation in the Z-plane (by argk), so 
we need simply interchange the roles of the pencils P and Q in the 
preceding paragraph. 

If D = 0, then we say the Mobius transformation T' is parabolic, and 
in this case T' has a unique fixed point and is similar to a translation 


W=VZ=Z+k. 


Now, V maps every line parallel to the vector k in the Z-plane to itself, 
while mapping every line perpendicular to the vector k to another line 
perpendicular to k. In terms of the circles in the original z-plane, this 
means that there is a (parabolic) pencil P of circles tangent to each 
other at the unique fixed point of T with the property that every circle in 
P is mapped to itself by T, while every circle in its conjugate (parabolic) 
pencil Q (a pencil of circles orthogonal to P at the common point of 
tangency of circles in P) is mapped to another circle in Q. 


3.8 Inversions 


Given a point P and a circle with the center at O, we have defined the 
inversion of the point P with respect to the circle to be the point Q on 
the ray from the center O through P such that 


OP.0Q =P, 


Mobius Transformations I49 


where r is the radius of the circle O. We say O is the center of the 
inversion, and the circle O is the circle of inversion. 

Most of the results we need about inversions follow from Theorem 
3.8.1 and the corresponding results about Mobius transformations. 


THEOREM 3.8.1. Suppose 2; are the inversions of z; (jg = 0,1,2,3) with 
respect to some circle. Then 


(29,213 22,23) = (20, 215 22, 23). 


Proof. Let T be a Mobius transformation that maps the circle of in- 
version to the real axis. Since a Mobius transformation preserves sym- 
metry, the points z; and z; are mapped to complex conjugates; 1.e., if 
w, = Tz,;, then w; = T2} (j = 0,1,2,3). Moreover, since a Mobius 
transformation preserves cross ratios, we have 


(29,213 22,23) = (T2,T2z;; Tz3,T23) 
= (Wo, W1; W2,W3) = (Wo, WI; W2, W3) 


= (Tz,T 2; Tz2,T23) = (20,213 22,23). 


O 


Since four points are cocyclic if and only if their cross ratio is real 
(and the complex conjugate of a real number is the real number itself), 
we immediately obtain the following. 


THEOREM 3.8.2. An inversion preserves circles. 


It is easy to see that an inversion maps the circle of inversion to itself, 
and a line passing through the center of inversion to itself. Moreover, 
it maps a circle passing through the center of inversion to a line not 
passing through the center of inversion, but parallel to the tangent to 
the circle at the center of inversion. The converse is also true. For, let 
O be the center of inversion, OA a diameter of the circle being inverted, 
and B the inversion of A. Then for any point P on the circle, and Q, 
the inversion of P, we have 


OP-OQ = r* = OA- OB, 
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(where r is the radius of inversion); i.e., 


OP:0OA=O0B:0Q.  ». AOAP~ AOQB. 


It follows that ZOBQ = ZOPA = > 


FIGURE 39 


Conversely, given a line not passing through the center O of the 
inversion, let B be the foot of the perpendicular from O, and A the 
inversion of B. Then for any Q on the line, and P the inversion of Q, 
we have 


OP -OQ = OA- OB; P:OA =OB:0OQ. 
-, AOAP ~ AOQB. 


Therefore, ZOPA = ZOBQ = 5) and so P is on the circle with OA 
as its diameter. Finally, a circle not passing through the center of the 
inversion is mapped to another circle not passing through the center of 
the inversion. 
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Imitating our proof of Theorem 3.3.3 that Mobius transformations 
are conformal (and noting that argad@ = —arga (mod 27) for any 
complex number a # 0), we obtain the following. 


THEOREM 3.8.3. An inversion is isogonal; i.e., an inversion preserves the 
size of an angle but reverses its orientation. 


Therefore, an inversion maps a pair of intersecting circles to a pair 
of intersecting circles with the same angle of intersection (neglecting 
the orientation of the angles). In particular, a pair of orthogonal circles 
are mapped to a pair of orthogonal circles, and a pair of circles tangent 
to each other are mapped to a pair of circles tangent to each other. 
Moreover, a circle orthogonal to the circle of inversion is mapped to 
itself (by our definition of symmetry). 

Our first application of the inversion is the following. 


EXAMPLE. (Pappus) Suppose two circles A and B are tangent to each 
other internally, with the circle B inside the circle A. Let Co be the 
circle having its center on the line AB, and it is tangent to the circle A 
internally, as well as to the circle B externally. Suppose C), C2, ... are 
circles such that C is tangent to the circles A, B, Co; C2 is tangent to 
the circles A, B, C); etc. Then 


hyn = 2nrn; 


FIGURE 3.10 
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where h,, is the distance from the center of the circle C,, to the line AB, 
and r,, is the radius of the circle C,,. 


Solution. Let the point T of the tangency of the circles A and B be the 
center of inversion (with an arbitrary radius of inversion). Then the pair 
of circles A and B are mapped to a pair of parallel lines perpendicular 
to the line AB, and the circles Co, C),C2,... are mapped to circles 

0: Cy}, C3,... tangent to the pair of parallel lines (which are images of 
the circles A and B), and the radii of the C’, are all equal (to r’, say). 
Then 


—_—_—- is ———- Es ""- = ——_ o. An = 2nrn.- 


There are many proofs of the Feuerbach theorem 2.8.1 using in- 
version, but the following proof, which appears in H. S. M. Coxeter 
and S. L. Greitzer’s Geometry Revisited [Mathematical Association of 
America, Washington, D.C., 1967, pp. 117-119], is perhaps the most 
elementary one known. 


THEOREM 3.8.4 (Feuerbach). The nine-point circle of a triangle is tangent 
to the incircle and the three excircles. 


Proof. Let I and I, be the centers of the incircle and the excircle 
opposite the angle A. Then the three sides of A ABC are three common 
tangents to the circles J and J,. Let B’C’ be the fourth common tangent 
where B’, C” are on (the extensions of) AC’, AB, respectively, and 
D, E are the feet of perpendiculars from J and J, to the side BC, 
respectively. Denote by a, b, c, the lengths of the three sides opposite 
the angles A, B, C, respectively, and s = s(a + b+ c). Then it is simple 
to verify that 


BD=s—b=CE. 


Hence the midpoint L of the side BC is also the midpoint of DE. 
Therefore, the circle with DE as its diameter is orthogonal to both the 
incircle J and the excircle J,. It follows that the inversions of the circles 
I and J, with respect to the circle L are circles J and J, themselves. 
Since two circles are tangent to each other if and only if their inversions 
are tangent to each other, it is sufficient to show that the inversion of 
the nine-point circle is the line B’C’. 
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Since the nine-point circle passes through the center L of the inver- 
sion, it will be mapped to a line. Moreover, the nine-point circle passes 
through the midpoints M, N of the sides C'A, AB, so it remains to show 
that the inversions (with respect to the circle L) of M and N are on the 
line B’C”, 

Let K, M', N’ be the intersections of B’C’ with BC, LM, LN, 
respectively. Since BI is the bisector of ZK BA, and C'l, is that of 
the exterior angle of ZK CA, we have, by Lemma A.4.1, 


BkK:AB=KI:AI=CK: AC; 


that is, 


Since L is the midpoint of BC, this gives 


—, alb—c| 
LK = — 
2(b + c) 


If b < c, then simply interchange the roles of B and C (and hence also 
of b and c), while if b = c, the result is trivial, and so we may assume, 
without loss of generality, that b > c. Since AK LM’ ~ AK BC", we 


IS4 COMPLEX NUMBERS AND GEOMETRY 


have 


LM':LK = BC’: BK; ie, LM’ = 


where we have used 


ri eee LN IN’ = (* ° 
2b 
But 
LD = 5DE = =(b~ 6), 
and so we are done. O 


Before we present another proof of the Ptolemy—Euler theorem 2.2.1, 
we need a formula describing the effect of inversion on length. 


LemMaA 3.8.5. Suppose P*, Q* are the inversions of the points with respect 
to a circle with center at O and radius r. Then 


2. DA a 2. DeDe 
Post. oa Post. 
P-OQ OP* -OQ* 
Proof. Since AOP*Q* ~ AOQP, we have 
P*Q* — OP* _ r Po = 2 PO 
QP OQ OP-0Q’ — OP -OQ 


The second equality is an immediate consequence of the first, since P, 
Q are the inversions of P*, Q*, respectively. a 
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FIGURE 3le 


THEOREM 3.8.6 (Ptolemy—Euler). For four arbitrary points A, B, C, D, 


AB-CD+BC.DA> AC: BD. 


The equality holds if and only if A, B, C, D are cocyclic and in this order. 


Proof. Consider an inversion with D as its center. Then, by the triangle 
inequality, we have 


A* B* + B*C* > A*C*, 


and the equality holds if and only if A*, B*, C* are collinear and in this 
order. In terms of A, B, C, D, this becomes, by the previous lemma, 


that is, 


and equality holds if and only if A, B, C’,, D are cocyclic and are in this 
order. O 
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3.9 The Poincaré Model of a Non-€uclidean Geometry 


One of the axioms in Euclidean geometry is that through a point not 
on a line there exists one and only one line that is parallel to the given 
line. (This is not the original formulation of Euclid, but is equivalent to 
it.) Since the parallel axiom is not as self-evident as other axioms, for 
centuries people tried to prove the parallel axiom from other axioms. 
It was not until the last century that J. Bolyai (1802-1860) and N. I. 
Lobachevsky (1793-1856) settled the question by constructing a geom- 
etry in which the parallel axiom does not hold. There are two ways to 
violate the parallel axiom. One way is to construct a geometry in which 
there are no parallel lines; i.e., every pair of lines intersect. A model for 
such a geometry is to consider the surface of a sphere where the ‘lines’ 
are the great circles. (To be precise, two diametrically opposite points 
have to be identified. Why?) Another way is to construct a geometry 
where there is more than one line through a point parallel to a given 
line. We now present such a model following H. Poincaré (1854-1912). 
Our universe or rather ‘plane’ is the (open) unit disc: 


U = {zEC; |z| < 1}, 


Mobius Transformations IS7 


FIGURE 3.14 


and ‘straight lines’ are the circular arcs orthogonal to the unit circle. 
One can verify that our model satisfies all the axioms in Euclidean 
geometry except the parallel axiom. For example, given two distinct 
points A and B in U, there is one and only one ‘straight line’ that passes 
through A and B—simply construct a circle that passes through the 
points A, B, and A%*, the inversion of the point A with respect to the 
unit circle. (It will automatically pass through B*, the inversion of the 


point B.) Now given a ‘straight line’ 2 (=BC) and a point A not on 
£, we can construct ‘straight lines’ BAD and CAE meeting @ on the 
unit circle. Since the points on the unit circle are not in our ‘plane’ U, 
‘straight lines’ BAD and C'AE are parallel to the ‘straight line’ 2, and 


there are infinitely many ‘straight lines’ such as FAG ‘in between’ these 
two that do not meet Z@ at all. 
The ‘distance’ between two points 21, z2 € U is defined as 


d(21, 22) := |log(z1, 22; A, “)I, 


where , yw are the intersections of the circular arc through z;, z2 and 
the unit circle. Note that the distance function d(z;, 22) 1s well-defined: 
Since 21, 22, A, are cocyclic, the cross ratio is a real number, and since 
21, Z2 are not separated by A and yp, the cross ratio is positive. Moreover, 
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d(z1, 22) is independent of the choice of the order of A and pz: Since 


1 


21, 22; A SY 
(21,223 HA) (21, 223 A, ps) 


llog(z1, 22; w, A)| = |— log(21, 22; A, #)| 


= |log(z1, 22; A, u)|. 


Finally, the choice of the base for the logarithm is inessential; it amounts 
to a change of scale only. 
It can be shown that our distance function satisfies the metric axioms: 


(a) d(2, 22) > 0 for all z, 22 € U; equality holds if and only if z; = zp. 
(b) d(2, 22) = d(Z2, 21) for all z1, 22 € U. 


(c) The triangle inequality: 
d(21, 22) + d(22, 23) > d(z, 23) forall 21, z2, 23 € U. 


Actually, the verification of the first two axioms is a simple muscle 
exercise. 

The concept of angle in the ‘plane’ U is the usual Euclidean angle 
between a pair of intersecting circles. But the sum of the (interior) 
angles of a ‘triangle’ is less than 7. 

In Euclidean geometry, we study those properties invariant under 
rigid motions—the group of transformations consisting of translations, 
rotations, and reflections. Their counterparts in the Poincaré model 
are the group(!) of all Mobius transformations that map the unit disc 
onto itself. Since Mobius transformations preserve cross ratios and are 
conformal, the distance between two points and the angle between two 
‘straight lines’ are preserved under our ‘rigid motions.’ 


Exercises 


1. Suppose z}, z2 are points on the complex plane, whose stereo- 
graphic images on the Riemann sphere are at opposite ends of a 
diameter. Show that z;2) = —1. 


Mobius Transformations iss 


2. Show that any four distinct cocyclic points can be mapped to +1 and 
+k for some suitable k (0 < k < 1) by a Mobius transformation. 


3. Show that the following six Mobius transformations form a group 
under composition: 


1 ; 1 2 g=1 
2 lh —-. 
rae "1-z’ z-l1’ 2z 
4. Show that the cross ratio corresponding to 24 permutations of four 
points z, 21, 22, 23 can have only the following six values: 


1 1 A -A-1 
A (20, 213 22, 23), X? A, tad) DET? d 
5. Two circles centered at the origin and at the point 1, both with 
radius 1, together with the line Rz = 5 divide the complex plane C 
into six regions. Show that each of these six regions contains exactly 
one of the following six values: 


1 A A-1 


» EA, = X27 5 ’ 


>| 


provided that J is not on any of the boundaries. 


6. Find a nonconstant function f(z) satisfying the functional equation 


fe) =4(2) =f0-2)= 4 (755) 


-#(4) -1(>) (z # 0,1). 


How many such functions are there? 


7. Find a function f(z) satisfying the functional equation 


t(7=) +7(S)- : forall z 40,1. 
1l-z 2 z—-1 


Is such a function unique? 
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8. A point zo is said to be a fixed point of a transformation T if 
T 2 = 2Q- 


(a) Show that a Mobius transformation that has 0, 1, oo as its fixed 
points must be the identity transformation. 


(b) Show that a Mobius transformation that has three distinct fixed 
points must be the identity transformation. 


(c) Suppose Mobius transformations S and T have the property 
that Sz; = Tz; for three distinct points z; (¢ = 1,2,3), show 
that S = T. 


9. Find the Mobius transformation that maps —1, 0, 1 to —z, 1, 2. 


10. Check the invariance of cross ratio for translation, dilation, and 
reciprocation, by computation. 


11. Using the property that a MObius transformation preserves cross 
ratios, show that a Mobius transformation maps a circle to a circle. 


12. Given a pair of intersecting circles, the line passing through the 
centers of these two circles intersects the circles at four points. 
Show that one of the cross ratios of these four points is sin’ g where 
0 is the angle of intersection of the circles. 


13. (a) Given a point P outside a circle C’, using a straightedge and 
compass, find the point Q symmetric to the point P with respect 
to the circle C. 


(b) What if the point P is inside the circle C? 


(c) Given a point P and two circles C; and C2, construct a circle C’ 
that passes through the point P and is orthogonal to both C; 
and C. 


(d) Given a pair of nonintersecting circles, find the pair of points 
symmetric to both circles. 


14. (a) Show that zo and zj are symmetric with respect to the circle 
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|z — a| = rif and only if 
(Z — G)(z§ —a) =r’. 


(b) Show that z and zj are symmetric with respect to the circum- 
circle of Az) 2223 if and only if 


(29, 213 22, 23) = (20, 215 22, 23). 


(c) Use (b) to prove the symmetry principle 3.4.2. 


15. (a) If 2 and z5 are symmetric with respect to a circle C, and 2, 
z2 are two arbitrary points on the circle C’, show that the cross 
ratio (zo, 293 21, 22) has the absolute value 1. 


(b) Given three points z;, z2, z3, describe the set of all zo satisfying 


|(20, 21522, z3)| = 1. 
16. (a) Show that any Mobius transformation that maps the real axis 
to itself can be expressed with real coefficients. 


(b) Show that any Mobius transformation that maps the real axis 
in the z-plane to the unit circle in the w-plane can be expressed 


as 
pec! (Z eR). 
az— BP a 


(c) Show that any Mobius transformations that maps the unit circle 
to itself can be expressed as 


az— 
=>—~ (jal # |4)). 
Bz-a 
17. (a) Find a Mobius transformation that maps the circles |z| = 1 and 
Iz-4]= 5 toa pair of concentric circles. What is the ratio of 
the radii of the concentric circles? 


(b) Same problem for |z| = 1 and |z + 2| = 4. 


18. 


19, 


20. 


21. 


22. 


23: 
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Find a Mobius transformation that maps the real axis and the circle 
|z —52| = 4 to twoconcentric circles with center at the origin. What 
is the ratio of the radii? 


Suppose that a Mobius transformation maps a pair of concentric 
circles to another pair of concentric circles. Show that the ratio of 
the radii is preserved. 


(a) Finda Mobius transformation that maps a pair of circles 
jz — 1| = 1 and |z — 2| = 2 toa pair of circles |w — 1| = 1 and 
jw +1) = 1. 


(b) Find a Mobius transformation that maps a pair of circles |z| = 
1 and |z—/3| = 2 toa pair of circles |\w—1| = 2and|w+1| = 2. 


(c) Find a Mobius transformation that maps a pair of circles |z| = 
1 and |z — 5| = 3 to a pair of concentric circles. 


Find the fixed points of the Mobius transformations 


Gwe 
(b) w= = 
(c) w= =} 
lala 


Which of these transformations is elliptic? Hyperbolic? Parabolic? 
Loxodromic? 


(a) Find all the Mobius transformations T such that T? is the 
identity. 


(b) Show that T” is the identity if and only if it has the normal form 


(k” = 1). 


(a) Is the reflection w = T'z = zZ with respect to the real axis a 
Mobuus transformation? 
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24. 


Zo: 
26. 


pal 


28. 


29. 


30. 


31. 


32. 


33. 


(b) How about inversion with respect to the unit circle? 


Find the images under inversion with respect to the unit circle of 


(a) the line y = z; 


(b) the line x 


1; 

(c) the circle |z — 2] = 1; 

(d) the circle |z — 2| = 2. 

Does an inversion preserve symmetry? 


Is the composition of two inversions an inversion? Is it a Mébius 
transformation? 


Given a line @ and a circle C' with center at A, let B be the point 
symmetric to A with respect to the line 2, and B* the inversion of B 
with respect to the circle C’. Show that B* is the center of the circle 
which is the inversion of the line £ with respect to the circle C’. 


(a) Given a line and a circle, show that there is an inversion that 
maps one to the other. 


(b) Same problem with a pair of circles instead of a line and a circle. 


Given a pair of nonintersecting circles C; and C2, show that there 
is an inversion that maps C; and C) to a pair of concentric circles. 


Is there a Mobius transformation that maps the unit disc onto itself, 
and interchanges two given points in the unit disc? If so, how many 
such Mobius transformations are there? 


In the Poincaré model, suppose lines 2; and £2 are parallel, as are 
the lines 2) and @3. Is it necessary that 2; and £3 are parallel? 


Show that the distance d(z}, z2) in the Poincaré model tends to co 
as z2 tends to a point on the unit circle. 


Suppose z1, 22, 23 are on a ‘Straight line’ in this order. Show that 


d(z1, 22) + d(z2, 23) = d(21, 23). 
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34. Suppose z}, 22, wi, w2 are points in the Poincaré plane. Show that 
d(21, 22) = d(wi, W2) 


if and only if there is a Mobius transformation mapping the unit 
disc onto itself such that Tz; = w, (j = 1,2). 


Hint: First find Mobius transformations that map z2 and w2 to 
the origin. 


35. Prove the triangle inequality 
d(21, 22) + d(22, 23) > d(21, 23) (2, 22,23 € U) 


for the Poincaré model. 
Hint: Use a Mobius transformation to map the point z2 to the 
origin. 


36. Describe a ‘circle’ in the Poincaré model. 


37. Given a ‘straight line’ £ in the Poincaré model, what is the locus of 
the point z such that the distance from z to the given ‘straight line’ 
f is constant? 


38. Show that the set of all Mobius transformations that map the unit 
disc onto itself forms a group. 


Epilogue 


I hope I have succeeded in demonstrating that the complex numbers are 
useful, and that they can be employed to produce easy proofs of many 
beautiful results in plane geometry. 

Since the subject is so old, it is hard to claim that a certain result is 
new, but to the best of my knowledge, the proofs (as presented here) 
of Theorems 2.5.1, 2.6.1, 2.6.3, 2.9.1 (and its variations), as well as 
Theorem 2.6.2 do not seem to have appeared in print. At least J could 
swear I did these myself—to borrow an expression from Y. Katznelson. 
Naturally, many exercise problems are my own creations. I am particu- 
larly fond of Exercises 8 and 16 (b) in Chapter 2. 

In writing Chapter 1, I consulted 


K. Katayama, Geometry of Complex Numbers, Iwanami, Tokyo, 1982 (in 
Japanese) 


frequently, and for Chapter 2, 


K. Yano, Famous Theorems in Geometry, Kyoritsu, Tokyo, 1981 (in 
Japanese). 
In fact, the latter work inspired me to structure my lectures around 
complex numbers. I am deeply grateful to these two authors. 
Finally, for those readers who wish to pursue the subject further, the 
book 
H. Schwerdtfeger, Geometry of Complex Numbers, Dover, New York, 
1979 


is highly recommended. 
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APPENDIX A 
Preliminaries in Geometry 


Al Centers of a Triangle 
A.1.1 The Centroid. 


Lemma A.1.1. Let D, E be the midpoints of the sides AB, AC of AABC. 
Then 


DE || BC — and DE = 


Proof. Extend DE to F so that DE = EF. Then in AADE and 
ACFE, 


AE=CE, DE=FE, ZAED= ZCEF; 
“, AADE = ACFE. 


It follows that 


and 
ZCFE = ZADE. -. CF || BD. 
IG7 
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Thus the quadrangle BC F'D is a parallelogram. 


BC, and DE || BC. 


NO | 


B C B C 
FIGURE Al 


Actually, this lemma is a particular case of the following theorem. 


THEOREM A.1.2. Suppose D, E are points on the sides AB, AC of \ABC 
such that DE || BC. Then 


AD AE ODE 
AB AC BC 
The converse is also true. 


Proof. AADE ~ AABC. 0 


THEOREM A.1.3. The three medians of a triangle meet ata point. This point 
is called the centroid of the triangle. 


Proof. Let G be the intersection of the medians BD and CE of AABC. 
Extend AG to F so that GF = AG. Then in AABF, E and G are the 
midpoints of sides AB and AF, respectively. Hence, by the previous 
lemma, 


BF || EG || GC. 
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FIGURE Ae 


Similarly, CF || GB. Therefore, the quadrangle BF'CG is a parallel- 
ogram, and so its two diagonals bisect each other, say at M. We have 
shown that the extension of AG passes through the midpoint / of the 
side BC; i.e., the three medians of a triangle intersect at a point. O 


Note that from our proof, 


AG =GF =2GM, CG = FB =2GE, 


and similarly, 
BG = 2GD. 


A.l.2 The Circumcenter. 


Lemma A.1.4. Suppose A and B are two fixed points. Then a point P is on 
the perpendicular bisector of the line segment AB if and only if PA = PB. 


Proof. Suppose P is on the perpendicular bisector of the line segment 
AB. Join the point P and the midpoint M of AB. Then 


APAM ~ APBM (by SAS), 
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and so PA = PB. 
Conversely, if PA = PB, then 


APAM = APBM (bySSS), 
where M is the midpoint of the line segment AB. Therefore, 


ZAMP = ZBMP= 


1 
2 


B 


FIGURE A3 


THEOREM A.1.5. The three perpendicular bisectors of the sides of a triangle 
meet at a point. This point is called the circumcenter of the triangle. 


Proof. Let O be the intersection of the perpendicular bisectors of the 
sides AB and AC. Then, since the point O is on the perpendicular 
bisector of AB, by the first part of the lemma, we have BO = AO. 
Similarly, since O is also on the perpendicular bisector of AC’, we have 
AO = CO. But then BO = CO, and so, by the second half of the 
lemma, the point O is on the perpendicular bisector of the side BC’. O 
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Note that since the distances from the point O to the three vertices 
are equal, if we draw a circle with O as the center and OA as its radius, 
we obtain a circumcircle of AABC. 


A.1.3 The Orthocenter. 


THEOREM A.1.6. The three perpendiculars from the vertices to the opposite 
sides of a triangle meet at a point. This point is called the orthocenter of 
the triangle. 


Proof. Through each vertex of AABC, draw a line parallel to the 
opposite side, obtaining AA’B’C’. Then the quadrangles ABC B' 
and ACBC" are parallelograms, and so AB’ = BC = C’A. Since 
B'C’ || BC, the perpendicular from the vertex A to the side BC is the 
perpendicular bisector of the line segment B’C"’. In other words, the 
three perpendiculars from the vertices of AABC to the opposite sides 
are the perpendicular bisectors of the three sides of A.A’ B’C". Hence, 


by the previous theorem, these three lines meet at a point. O 
Cc’ C 
B A . 
A’ C B’ A R B 
FIGURE A4 


Alternate Proof. Let P, Q, R be the feet of the perpendiculars from 
the vertices A, B, C' to the respective opposite sides BC, C'A, AB of 
AABC. Observe that 


“as 


ZBQC = ZBRC (= =) . 


and so, by Corollary A.2.2 below, B, R, Q, C' are cocyclic. Similarly, C, 
P, R, A are cocyclic, so are A, Q, P, B. Therefore, by Lemma A.2.1 
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below, 
ZAPQ = ZABQ = ZQCR = ZAPR. 


Similarly, 
ZBQR = ZBQP, ZCRP = ZCRQ. 


We have shown that the three perpendiculars of AABC are the three 
angle bisectors of the pedal triangle PQR. Hence, they meet at the 
incenter of APQR, by Theorem A.1.8 below. O 


A.1.4 The Incenter and the Three Excenters. 


Lemma A.1.7. Let P be a point inside ZBAC. Then P ts on the bisector 
of ZBAC if and only if the distances from the point P to the sides AB and 
AC are equal. 


Proof. Let P be an arbitrary point on the bisector of ZBAC, and D, E 
the feet of the perpendiculars from P to AB and AC, respectively. Then 
in AAPD and AAPE, two pairs of corresponding angles are equal and 
so these two triangles are similar. Moreover, they have a corresponding 
side AP in common, hence 


AAPD = AAPE. - PD= PE. 


Conversely, suppose P is a point inside ZBAC such that PD = PE, 
where D and EF are the feet of the perpendiculars from the point P to 
AB and AC, respectively. Then, by the Pythagorean theorem, threc 
pairs of corresponding sides of AAPD and AAPE are equal, and so 


AAPD = AAPE. -. ZPAD = ZPAE. 
0 


THEOREM A.1.8. Tne three bisectors of the (interior) angles of a triangle 
meet ata point. This point ts called the incenter of the triangle. 


Proof. Let I be the intersection of the bisectors of the angles at the 
vertices B and C of AABC, and D, EF, F the feet of the perpendiculars 
from J to the three sides BC’, CA, AB, respectively. Then, since J is on 
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FIGURE AS 


the bisector of ZABC, by the first part of the lemma, we have JF' = ID. 
Similarly, since J is also on the bisector of ZACB, we have [ID = IE. 
., IE = IF. But then, by the second part of the lemma, J must be on 
the bisector of ZBAC. 0 


Since the distances from the incenter J to the three sides of a triangle 
are all equal, if we draw a circle with center at J and use the distance 
from I to a side as the radius, we obtain the circle tangent to all three 
sides of the triangle. This circle is called the incircle of the triangle. 


THEOREM A.1.9. The bisectors of two exterior angles and that of the re- 
maining interior angle of a triangle meet at a point. This point is called 
an excenter of the triangle, and is the center of an excircle that is tangent to 
extensions of two sides and the remaining side of a triangle. A triangle has 
three excenters and three excircles. (See Figure A.6.) 


Proof. The proof is essentially the same as that for the incenter (and 
the incircle). 0 


A.1.5 Theorems of Ceva and Menelaus. Each centroid, orthocenter, 
incenter, and excenter is the intersection of three lines passing through 
the vertices of a triangle. For this type of problem, the following 
theorem of G. Ceva (1647-1734) is very effective. 


THEOREM A.1.10. Let P, Q, R be points on (the extensions of) the respec- 
tive sides BC, CA, AB of A ABC. Then the lines AP, BQ, CR meet at 
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FIGURE AG 


a point if and only if 


PC OA RB 


P ; \ 


B B Cc P 


FIGURE A7 
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For example, to prove that the three medians of a triangle meet at a 
point, using previous notation, we have 


and so the condition in the Ceva theorem is clearly satisfied. 
In the case of the three perpendiculars, let 


a=BC, b=CA, c=AB, a=ZA, B=ZB, y=ZC, 


and let P, Q, R be the feet of the perpendiculars from the vertices A, 
B, C to the respective opposite sides, then BP = ccos J, etc., and so 


BP CQ AR __ ccosB acosy bcosa _ 


———_- < ——— ao F aE 8680 SE ee 


and we are done. 

To prove that the three angle bisectors meet at a point, let U, V, W 
be the intersections of the angle bisectors at A, B, C' and the respective 
opposite sides. Then, by Lemma A.4.1 to the Apollonius circle below, 


we have a = 2 
UC 


c? 


etc., 


The case of an excenter is essentially the same as that of the incenter, 
and so is left for the reader. 

It remains to prove the Ceva theorem itself. Suppose AP, BQ, CR 
meet at a point, say J. Draw the line passing through the point A 
parallel to the side BC meeting (the extensions of) BQ, CR at B’, C", 
respectively. Since 


ABPT ~ AB'AT,  ACPT ~ AC'AT, 
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we have 
BP_BA PT_AT | BP_BA 
PT AT’ PC AC “PC AC” 
Similarly, 
5. 0 fee 
QA AB’ RB BC 


Hence multiplying the last three equalities together, we get the desired 
equality. 

To prove the converse, let T be the intersection of (the extensions of) 
BQ and CR, and P’ the intersection of (the extensions of) AT’ and BC. 
Then, by what we have shown, 


BP’ CQ AR _, 


——_—_—-— OOo" — 


BP CQ AR_, | BP _BP 
PC QA RB " PC PC 
Now adding 1 to both sides, we get 
BP'+P'C _ BP+PC _ BC _ BC 
PIC PO  ~— PO PC 


It follows that P’C = PC, and so P’ = P. 
(We have deliberately suppressed an accompanying configuration, 
giving a reader a chance to check that the proof works for all cases.) 
As the careful reader will notice, the converse holds if and only if the 


BP S Oif BP and 
PC 


PC are in the same direction, and a < Oif BP and PC are in the 
opposite direction. Similar considerations naturally apply to the other 
ratios. 

The following theorem, closely associated with that of Ceva, was 
discovered by Menelaus of Alexandria (ca. 98): 


line segments are considered as directed : Namely, 
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THEOREM A.1.11. Points P, Q, Ron (the extensions) of the respective sides 
BC, CA, AB of AABC are collinear if and only if 


FIGURE AS 


Proof. Since we shall not need this theorem, we merely sketch a proof, 
and leave the details for the reader. To prove that the condition is 
necessary, draw a line passing through the vertex A parallel to the line 
determined by the points P, Q, R, meeting (the extension of) the side 
BC at A’. Now express all the ratios involved in terms of those of the 
segments on the line BC. To prove sufficiency, imitate the proof of the 
Ceva theorem. O 


Ae Angles Subtended by an Arc 


Lemma A.2.1. An angle subtended by an arc is equal to one half of its 
central angle. In particular, all the angles subtended by the same arc are 
equal. 


Proof. Let A, B, C be points on a circle O. 


Case 1. Suppose the center O is either on the segment AC or on 
BC. To fix our notation, let the center O be on the chord AC. Then, 
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since AOBC is an isosceles triangle, we have ZOCB = ZOBC. But 
ZAOB is an exterior angle of AOBC, 


“. ZAOB = ZOBC + ZOCB = 2ZACB. 


FIGURE AS 


Case 2. Suppose the center O is inside ZACB. Let CD be a 
diameter. Then from Case 1, we have 


ZACB = ZACD + ZDCB 


= 5(ZAOD + ZDOB) = 5ZAOB. 


Case 3. Suppose the center O is outside ZAC'B. As before, let CD 
be a diameter. Then, again from Case 1, we have 


ZAC'B = ZBCD — ZACD 


= =(ZBOD — ZAOD) = 5 ZAOB. 


O 


THEOREM A.2.2. Suppose points C' and D are on the same side of a line 
AB. Then the points A, B, C, D are cocyclic if and only if ZACB = 
ZADB. 
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Proof. It remains to prove the converse. Draw the circle passing 
through the points A, B, and C. Suppose the point D is inside this 
circle. Let D’ be the intersection of the circle and the extension of AD, 
then 


ZADB = ZAD'B + ZDBD' > ZAD'B = ZACB. 


Now if the point D is outside of this circle, let D’ be the intersection of 
the circle and AD. Then 


ZADB < ZADB + ZDBD' = ZAD'B = ZACB. 
Hence, if ZADB = ZACB, then the point D must be on the circle 


passing through the points A, B, C (and in this case, the equality clearly 
holds, by the previous lemma). 0 


FIGURE AIO 
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Coro.iary A.2.3. Suppose C' and D are on opposite sides of a line AB. 
Then the points A, B, C, D are cocyclic if and only if 


ZACB + ZADB =z. 


Coro.ary A.2.4. The angle between a tangent to a circle and a chord is 
equal to angles subtended by the arc inside this angle. 


Proof. Pictures are worth a thousand words. O 


FIGURE All 


A3 The Napoleon Theorem 


Though the Napoleon theorem is not part of our needed background, 
the following is an elegant simplification by Kay Hashimoto (a 10th 
grader at Lakeside School, Seattle) in May 1992, of the proof of Ross 
Honsberger [Mathematical Gems, Mathematical Association of Amer- 
ica, Washington, D.C., 1973, pp. 34-36]. 


THEOREM A.3.1. On each side of an arbitrary triangle, draw an exterior 
equilateral triangle. Then the centroids of these three equilateral triangles 
are the vertices of a fourth equilateral triangle. 


Proof. Given AABC, let X, Y, Z be the centers of the circumcircles of 
the exterior equilateral triangles on the sides BC, C'A, AB, respectively, 
and O the intersection of the circles Y and Z (other than A). Then, 
by Corollary A.2.3 in the previous section, we have ZAOB = = 
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FIGURE Ale 


ZAOC. Therefore, ZBOC = on It follows that the circle X also passes 
through the point O (again, by Corollary A.2.3). We have shown that 
the three circumcircles meet at the point O. 

Now, XY, the line joining the two centers, is perpendicular to the 
common chord OC. Similarly, XZ is perpendicular to OB. But 
ZBOC = 22, andso ZX = %. Similarly, ZY = 3 = ZZ, and we 
are done. a 


A.4 The Apollonius Circle 


Lemma A.4.1. The interior and the exterior bisectors of an angle at a vertex 
of a triangle divide the opposite side into the ratio of the lengths of the two 
remaining sides. 


Proof. Let the interior and exterior angle bisectors at the vertex A 
intersect the side BC of AABC at D and at E, respectively. Choose 
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F 


FIGURE AIS 


the point F' on the extension of the side AB such that CF || AD. Then 
ZLAFC = ZBAD = ZDAC = ZACF. 
Therefore, AAC F is an isosceles triangle. It follows that 


BD: 


=| 
Q 
il 

_ 
i 
= 
ry 
II 

I 
aS 
a 
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Similarly, choose the point G on AB such that CG || AF. Then 
ZLAGC = ZFAE = ZEAC = ZACG. 
Therefore, A ACG is an isosceles triangle. It follows that 
BE: EC = BA: AG = BA: AC. 


O 


Alternate Proof. We use the same notation as in the above proof. Since 
D is on the bisector of ZABC, the perpendiculars from D to AB and 
AC have the same length (by Lemma A.1.7). Therefore, the ratio of the 
areas of AABD and AACD is AB: AC. On the other hand, these two 
triangles have common height from the vertex A. Therefore, the ratio 
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of the areas of these two triangles is also equal to BD : CD. 


-. BD: CD = AB: AC. 
As for the exterior angle bisector AE at the vertex A, consider AABE 
and AACE, and carry out the same argument. O 


The converse of the lemma follows from the uniqueness of the point 
dividing the side of a triangle into a fixed ratio. 


Coro.iary A.4.2. Let D, E be the points on (the extension of) the side 
BC of A ABC such that 

BD: DC = AB: AC = BE: EC. 
Then AD and AE are the bisectors of the interior and exterior angles at the 
vertex A. 


THEOREM A.4.3 (Apollonius). Consider a pair of points A, B and a fixed 
ratio m:n. Suppose C' and D are the points on the line AB such that 


CA:CB = DA:DB=m:n. 
Then a point P is on the circle having C'D as its diameter if and only if 
PA:PB=m:n. 
Proof. Suppose P is a point satisfying the condition 
PA: PB=CA:CB (= DA: DB). 


Then, by Corollary A.4.2, PC’, PD are the bisectors of the interior and 
the exterior angles at the vertex P of APAB. Hence ZCPD = 5 SO 
the point P is on the circle having C'D as its diameter. 

Conversely, suppose P is an arbitrary point on the circle with C'D as 
its diameter. Choose the points FE, F on (the extension of) AP such 
that BE || CP, BF || DP. Then 


AP: PE = AC:CB=m:n, 
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FIGURE Al4 


and 
AP:PF=AD:DB=m:n. 


Therefore, PE = PF. Since BE || CP, BF || DP, and ZCPD = &, 


we have ZEBF = 3. Hence P is the midpoint of the hypotenuse 
= PE. Therefore, 


of the right triangle BEF. It follows that PB = 
AP:PB=m:n. O 


APPENDIX B 
New Year Puzzles 


The author has been sending New Year puzzles as season’s greetings 
for the past several years. As the purpose is to popularize mathematics, 
these puzzles are not intended to be hard (except possibly in 1986). 
Since these puzzles are gaining popularity among the author’s friends, 
we publish them here hoping readers will do the same. 


I985 
0 = (1-9+8)x5 1 = 1-V9+8-5 
2 = 1+(-vV9+8)/5 3 = -1-9+8+4+5 
4 = 1x(-9+8)+5 5 = 1-9+8+4+5 
Mm s6- UOaeys tS. Og 
8 = ? 9 J-14+9+8+4+5 


10 = (1+9-8)x5 


Can you find a similar expression for 8? (Only additions, sub- 
tractions, multiplications, divisions, square roots, and parentheses 
are permitted. The solution is not unique.) 


2 OO - Oe s2. 
3. (a) The square of an integer n starts from 1985 : 


n? = 1985... 
Iss 
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Find the smallest such positive integer n. 


(b) Is there an integer whose square ends with 1985? 


IS86 


Solve the alphametic problem : 


under the conditions that 


1. TIGER being the third in the order of 12 animals (rat, ox, tiger, 
rabbit, dragon, snake, horse, ram, monkey, cock, dog, boar), the 
number represented by TIGER divided by 12 gives a remainder 3; 


TIGER =3 (mod 12); and 
2. as there are 10 possible digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 to fill in 
the 9 letters that appear in this alphametic problem, there is bound 


to be one digit missing. However, the missing digit turns out to be 
the remainder if the number represented by YEAR is divided by 12. 


i987 


Fill in the blanks with digits other than 1, 9, 8, 7 so that the equality 


becomes valid: a ; a ; 7 - 
| LILI 
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1988 = 127 + 207 + 38% = 8? + 30° + 32? 
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= 8? + 18° + 40° = 4° + 267 + 36° 


=P+e+4e2=[ ] +f ] +f |’; 


i.e., find another expression of 1988 as a sum of squares of three 
positive integers. 


2. Show that 1988 cannot be expressed as a sum of squares of two 
positive integers. 
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Observe that 
1989 = (14+2+34+44+5)?+(34+44+5+6+74+8+9). 


Find 4 consecutive natural numbers p, q, r, s, and 6 consecutive natural 
numbers wu, v, w, x, y, z, such that 


19899 =(p+tqtrtsr+(ututwtectytez)’. 


nm = 2191” — 803” + 608" — 11" + 7” — 2”. 


Then 
P, = 1990, P) = 4525260 = 1990 .- 2274. 


Prove that P,, is divisible by 1990 for every natural number n. 


ISsl 


1. In a magic square, the sum of each row, column and diagonal is the 
same. For example, Fig 1 is a magic square with the magic sum 34. 
Fill in the blanks in Fig 2 to make it a magic square. 
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2. Can an integer with 2 or more digits, and all of whose digits are 
either 1, 3, 5, 7, or 9 (for example, 1991, 17, 731591375179, 753 are 
such integers) be the square of an integer? 


iIS9Se2 


Choose any five numbers in Fig 1 so that no two of them are in the same 
row nor the same column, then add these five numbers, you will always 
get 1992. For example, 


199 + 92 + 177 + 979 + 545 = 1992. 


8 [92 | wo [65 


3 


Fig 2 


Fill in nine distinct positive integers into Fig 2 such that if you choose 
any three numbers, no two of them are in the same row, nor the same 
column, and multiply them together, then you will always get 1992. How 
many essentially different solutions can you find? [Two solutions are 
considered to be the same if one can be obtained from other by some 
or all of the following: (a) rotations, (b) reflections, (c) rearrangement 
of the order of the rows, (d) rearrangement of the order of the columns. | 
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Let 
Qn = 12” + 43" + 1950” + 1981”. 
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Then 


Q, = 12 + 43 + 1950 + 1981 = 1993 - 2, 
Q2 = 144 + 1849 + 3802500 + 3924361 
= 7728854 = 1993 - 3878, 
Q3 = 1728 + 79507 + 7414875000 + 7774159141 


= 15189115376 = 1993 - 7621232. 


Determine all the positive integers n for which Q, are divisible by 1993. 
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We have a sequence of numbers which are reciprocals of the squares of 
integers 19 through 94: 


ot 
192° 202” 212" "*’ 932” 942" 


Suppose any pair, a and b, of these numbers may be replaced by a + b — 
ab. For example, two numbers 3; and 7; may be replaced by a single 


163 
number 735763, because 


1 1 1 1 163 
322, 662 = 3322-662 — ss: 135168 


Repeat this proceduare until only one number is left. Show that the 
final number is independent of the way and the order the numbers are 
paired and replaced. What is the final number? 
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